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1. Introduction 



1.1. Let p be a prime number and P a finite p-group; as usual, denote by 
J-p the Frobenius category of P [4, II], namely the category where the objects 
are the subgroups of P and the morphisms are the group homomorphisms 
between them induced by the inner automorphisms of P . Recall that a divi- 
sible P-category J- [4, 2.3] is a subcategory of the category of finite groups 0r 
such that it contains J-p and has the same objects, that all the morphisms 
are injective group homomorphisms and that, for any subgroup Q of P , the 
category J-\q of J- -morphisms to Q is a full subcategory of ©r|Q [4, 1.7]. 

1.2. More precisely, denoting by J-'{Q) the group of J^- automorphisms of 
any subgroup Q of P , recall that then is a Frobenius P-category [4, Propo- 
sition 2.11] if J-p{P) is a Sylow p-subgroup of J-{P) and if any 7^-morphism 
if-.Q ^ P fulfilling 



C(Cp(^(Q))) =Cp((Co(^)(Q)) 



1.2.1 



for any J^-morphism C : (p{Q)-Cp ((^(Q)) — > P , can be extended to an J-'-nior- 
phism from the converse image in P of the intersection J-p{Q) Ci"^ J-p[(p{Q)) , 
where we denote by ip* : ^p{Q) = Q the inverse of the isomorphism induced 
by ip , and by Fp{(p{Q)) the corresponding image of Fp{ip{Q)) in KvX{Q) . 

1.3. On the one hand, in a Frobenius P-category T still holds a gene- 
ral form for the Alperin Fusion Theorem which, in some sense, provides 
a "decomposition" of the J^-morphisms [4, Corollary 5.14]. On the other 
hand, restricting ourselves to the full subcategory 7^" over the subgroups 
Q oi P fulfilling Cp((p(Q)) C (/^(Q) for any ip £ T{P,Q) , in the quotient 
category J- of J- by the inner automorphisms of the objects the morphisms 
admit a "canonical decomposition" in terms of suitable subsets {Q,R)iP^ 

of J- -morphisms as it follows from [4, Proposition 6.7]. An old aim we had 
was to find a common framework where we could formulate both facts. 

1.4. More recently, we have proved that the Frobenius P-categories are 
just an avatar of the basic P x P-sets [4, 21.4] — namely the finite nonempty 
P X P-sets such that {1} x P acts freely on f7 , we have 



n°^n and II^I/JP] ^ Omodp 



1.4.1 
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where we denote by f2° the P x P-set obtained exchanging both factors and, 

for any subgroup Q of P and any group homomorphism (p : Q ^ P such 
that n contains a P x P-subset isomorphic to (P x P)/A^{Q) , we have a 
Q X P-isomorphism 



where we set Aip{Q) = {{(f{u),u)}ueQ and denote by Lq the corresponding 
inclusion map. The last but not the least, their generalization by Kari Rag- 
narsson and Radu Stancu to virtual P x P-sets [6] has driven our attention 
upon the so-called double Burnside ring of P . 

1.5. In this paper wc introduce a new avatar of a Frobenius P-catcgory J-" 
in the form of a suitable subring TLj^ of the double Burnside ring of P — 
called the Hecke algebra of — where we are able to formulate all the 
results mentioned above, in some sense providing the framework wc were 
looking for. The choice of the name comes from the case where J-" is the 
Frobenius category of a finite Chevalley group in the defining characteristic 
or, more generally, of a finite group G , where an analogous definition of the 
Hecke algebra is usually considered; in this case, the Hecke algebra of G is 
isomorphic to a quotient of a suitable extension of Hjr (see §8 below). 

2. The quoted framework 

2.1. Let us denote by P-©et the category of finite P-sets endowed with 
tlic disjoint union and with the inner direct product mapping any pair of 
finite P-scts X and Y on the P-set — still noted X x Y — obtained from 
the P X P-set X x Y restricted through the diagonal map A : P ^ P x P ; 
note that, for a third finite P-set Z , we have a canonical bijection 



Then, we denote by ^ci{P-&zi) the category of functors from P-6ei to itself 
preserving the disjoint unions, endowed with the disjoint union induced by 
the disjoint union in P-Set and with the composition of functors. 

2.2. More generally, if P' is a second finite p-group, we often have to 
consider the category 3^ct(P-6et, P'-6et) of functors from P-Set to P'-6et 
preserving the disjoint union, which is also endowed with a disjoint union; 
let us say that a functor f:P-6et — >■ P'-Set is indecomposable if it is not 
the disjoint union of two nonempty functors in 5^ct(P-6et, P'-©et) . If P" is 
a third finite p-group, wc clearly have a distributivity , namely 

(sUfl')°f=(Sof)U(0'of) and 0o(fuf) = (sof)u(0of) 2.2.1 

for any functors f and f in 5^ct(P-6et, P'-6et) and any functors g and g' in 
g^ct(P'-6et, P"-6et) . We denote by 9'Tat(f, f) the set of natural maps from f 



Res<^xidi=(f^) = R.es,Pxidp(^^) 



1.4.2, 



Romp{Z,X xY)^ Homp(Z,X) x Bomp{Z,Y) 



2.1.1. 
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to f , but write 0^a^(f ) instead of Otai(f , f) ; it is clear that for a third functor 
f" : P-6ei P'-eet we have 

OTat(f U f , f ) ^ mi{f, f") X mt{f, f") 2.2.2. 

2.3. On the other hand, if a : P' — >^ P is a group homomorphism, the 
restriction defines an evident functor 

resa : P-6et — > P'-6et 2.3.1 

which admits a left adjoin functor 

inVa ■■ P'-6et — > P-6et 2.3.2; 

hence, for any functors g in g^ct(P"-6et, P'-6et) and i) in S^ct(P"-6et, P-Set) 
we have a canonical bijection 

OTat(int)„ o ()) ^ ^at{Q, te5„ o h) 2.3.3. 

2.4. Note that, any pair of functors f and f in ^ci{P-&ei, P'-6et) defines 
a functor 

f X f : P-6et X P-6et — > P'-Set 2.4.1 

mapping any pair of finite P-scts X and X' on the P'-set f{X) x f (X') , and 
any pair of P-set maps aiX^Y and a' -.X' — F' on the evident P'-set 
map 

f(a) X f'(a') : f(X) x f'(X') ^ f(y) x f{Y') 2.4.2; 

then, for any pair of functors Q and q' in 5^ct(P-Set, P'-Sei) we have an 
evident injection 

gioi(fl, f) X giat(0', f) ^ OTat(0 X fl', f X f) 2.4.3. 

which is bijective if Q and g' both map the trivial P-Set on the trivial P'-&ti . 
Indeed, according to the bijection 2.1.1, any P-set map 

q{X) X q'{X') f(X) X f'(X') 2.4.4 

determines and is determined by the corresponding two P-set maps 

0(X) X — > f(X) and 0(X) X s'(X') ^ f(X') 2.4.5; 

but, it follows from the naturalness that the left-hand map in 2.4.5 is deter- 
mined by the map which corresponds to the case where X' is the trivial P-set 
and then it determines an element of '^ai{Q, f) ; similarly, the right-hand map 
in 2.4.5 determines an element of *ytat(0', f ) ; finally, it is easily checked that 
this correspondence is the inverse of the injection 2.4.3. 
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2.5. Actually, we are only interested in the full subcategory Q5pxP' 

of S'ct(P-6et, P'-&ci) over the functors determined by P' x P-sets; explicitly, 
a P' X P-set determines a functor fo mapping any P-set X on the P'-set 
— noted CI Xp X — formed by the set of orbits of P on Q x X through the 
action sending (w, x) G x X to (^{1, u)-uj, u-x) for any u & P , endowed with 
the action of P' mapping the orbit of {oj,x) on the orbit of ((u', l)-a;,a;) for 
any u' ^ P — we often write u'-w and w-zt~^ instead of (u', and (1, u)-ui 
respectively; it is clear that fn preserves the disjoint unions. For instance, 
for P" = P , the restriction and the induction functors above 

res„ : P-6et — > P'-6et and inO„ : P'-6et — > P-6et 2.5.1 

are respectively determined by the P' x P- and the P x P'-sets q,P and P^ 
denoting the respective P' x P- and P x P'-set structures over P sending 
V & P to a{u')vu~^ and to uva{u')~^ for any u G P and any u' € P' . Note 
that the functor determines the P x P-set ft ; indeed, considering the P-set 
P and its group of automorphisms in P-©et — which is isomorphic to P — 
we get a P' x P-set structure on fn(P) and, with this structure, it is clear 
that fn (P) is isomorphic to O . In particular, for any P' x P-set Cl' , we have 
a canonical bijection 

^at(fo,fn') = liomp,^p{n,n') 2.5.2. 

2.6. It is clear that ^pxP' is closed with respect to the disjoint union, 
namely we have fo U fn' = fnuo' , and an indecomposable functor in QSpxP' 
is given by the transitive P' x P-set (P' x P)/D where D is & subgroup 
of P' X P ; shortly we set 

fc = f(P'xP)/£) 2.6.1. 

Then, for any P' x P-set Q. , it follows from isomorphism 2.5.2 that a natural 
map /U : fr) — >^ fo is induced by a P' x P-set map (cf. 2.5.2) 

m^:(P'xP)/£) — >Q. 2.6.2 

which is actually determined by the image in CI of the class in (P' x P)/D 
of (1, 1) , and this image clearly belongs to the set of D-fixed elements Cl^ ; 
conversely, any element w of Cl^ determines a P' x P-set map from (P' x P) /D 
to CI sending the class of (1,1) to w , and therefore it determines a natural 
map from to fa ; thus, we have a bijection 

mi{^D,h) = ^^ 2.6.3. 

2.7. In particular, it is clear that the group 

Z{^d) = Cp'MD)/Z{D) 2.7.1 

acts on the set of natural maps OTat(fD,fQ). Actually, all these subgroups 
Z{^d) C Otat(f£)) , where D runs over the set of subgroups of P' x P, 
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determine an interior structure in (QSpxP') [4, 1.3] and, coherently, for an- 
other subgroup E of P' X P , we set 

m^t{fD,fE) = ZifD)\mat{fD, fs) 2.7.2. 
Note that, for any pair of functors g and q' in QSpxP' we get 

mi{fD,0 U fl') ^ mt{f d,q) U Oflot(fD, fl') 2.7.3. 

2.8. Moreover, QSpxp is also closed with respect to the composition, 
namely we have 

fn o fo' = foxpfi' 2.8.1 

for any P x P-sets fl and fi' . On the other hand, denoting by $7° the opposite 
P X P-set of a P X P-set O , the correspondence mapping fa on (fn)° = ffjo 
defines an auto-cquivalcncc t of *Bpxp which preserves the disjoint union and 
reverses the composition; then, it follows from bijection 2.5.2 that, for any 
pair of functors f and g in QSpxp , we still have a canonical bijection 

OTot(f°,r) = ^at(f,0) 2.8.2. 

Let us call symmetric any l-stable subcategory of *BpxP . 

2.9. A particular kind of functors in Q3pxP is provided by the inner 
direct product in P-(3et ; indeed, for any P-set X , the correspondence sending 
any P-set Y to the P-set X xY and any P-set map g -.Y Y' to the P-set 
map 

idx xg:X xY — >X xY' 2.9.1 

defines a functor mx from P-6et to P-Set preserving the disjoint unions, and 
it is easily checked that, for any subgroup Q of P, the functor determined 
by the P-set P/Q coincides with the functor determined by the P x P-set 
P Xq P; more precisely, we have a functor 

m^:P-Set — 2.9.2 

mapping any P-set X on mx and any P-set map f : X X' to the natural 
map ji f : mx nxx' sending Y to the P-set map 

/ X idy : X X y — yX' xY 2.9.3. 

Note that preserves the disjoint unions, maps the inner direct prod- 
uct in P-Set on the composition in Q5pxP, and is invariant by the auto- 
equivalence t of *Bpxp above. 
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2.10. Actually, P has an obvious P x P-set structure and it is clear that 

fp is the identity functor. More generally, for any subgroup Q oi P and any 
group homomorphism : Q — > P , as in 1.4 above we set 

A^(Q) = {(^(w),u)}„eQ 2.10.1 

and, coherently with our notation in 2.5, we still set 

xqP = (PxP)/A<^(Q) and fQ,v. = fp^xgP = ini)^ o tes.p 2.10.2; 

it is quite clear that this functor preserves the projective objects in P-Set or, 

cquivalcntly, the P-sots where P acts freely; conversely, any indecomposable 
functor in *Bp which preserves the projective P-sets has this form. 

2.11. More explicitly, any functor f in 58pxP preserving the projective 
P-sets has the form f = Uie/fQi.Vi ^'^^ ^ suitable finite family {Qi,ipi}i(zi 
where Qi are subgroups of P and ipi'.Qi ^ P are group homomorphisms; 
then, for another functor g in *Bp preserving the projective P-sets, given 
by the finite family {Rj,^pj}j^j , there is a natural map — >■ f if and 
only if there are a map miJ^I and, for any j G J , a natural map 
Mj :ffli,^/'i fQmw^VmU) 01'' equivalently, a P x P-set map 

nij : P^, Xfl, P P^^^., Xq^(., P 2.11.1, 

which amounts to saying that there are Uj,Vj G P such that 

Rj C {Qm{j)V' and tpj = o ip^^j^ o 2.11.2 

where : Pj ^ Qm(j) and Ky.:P^P respectively denote the conjugation 
by Uj and by Vj . 

2.12. In particular, for any indecomposable functors fg^^ and f^,^ in 
*Bpxp such that (fq^ip) and (fp,^) still preserve the projective P-scts, de- 
noting by lyj* : Q = ^'(Q) and f/'* : -R — V'(-R) the corresponding isomorphisms 
and setting ip* = and tp* = {tp*)~^ , it follows from condition 2.11.2 
above that any natural map from fp,^ to fg,,^ determines an element of the 
intersection 

J-p(Q, R) n ((^* o Tp{ipiQ), xP{R)) o 2.12.1, 

namely an element k„ in Tp{Q, R) such that the composition {p^, o ku o il'* 
belongs to J^p((p{Q),^p{R)) ; moreover, it is easily checked that this cor- 
respondence determines a bijection 



0^at(fp,^,fQ,^) ^ ^p{Q,R) n {g>* o^p{^{Q),^{R))o^,) 2.12.2. 
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2.13. Moreover, for any pair of subgroups Q and RoiP , and any pair of 
group homomorphisms and ip from Q and Rto P respectively, the functor 
fQ,ip o ffl.j/' is determined by the P x P-set 

(P^ Xq P) Xp (P^ Xfl P) = P^ Xq (P Xp (Pv, Xp P)) 

= P^Xq{{PxpP^)xrP) 2.13.1; 

= Pv Xq(P^ XpP) 

but, choosing a set of representatives C P for the set of double classes 
Q\P/ip{R) , we have the disjoint decomposition 

P= y Q-wil){R) 2.13.2; 

moreover, for any m; € , it is clear that Q-iu-tjj{R) has aQx R-set structure 
sending uwip{v)~^ to u'uwip{v'v)^^ for any u, u' G Q and any v, v' G R ; more 
precisely, setting Uyj = tp~^[Q'^ ni/'(-R)) and denoting by ip^-.U^ ^ the 
restriction of V' and by Kyj : Q'" — )• Q the corresponding conjugation hy w ,\i 
is clear that we have aQx P-set isomorphism 

Q-wi}{R) ^ (3«„oV;„ Xc/„ 2.13.3; 
finally, we get a P x P-set isomorphism 

(P^ Xq P) Xp (P^ Xp P) ^ □ P^ XQ (g«„oV.„ XU^ R) XrP 

J^"^ 2.13.4. 
wew 

3. A version for divisible and Frobenius P-categories 

3.1. For any divisible P-category T , let us denote by i^jr the full sub- 
category of SpxF over the functors which are isomorphic to disjoint unions 
of functors ]q^^ where Q is a subgroup of P and i/3 : Q — > P is an J^-morphism; 
thus, is closed with respect to the disjoint unions, its elements preserve 
the projective P-sets, and is clearly symmetric (cf. 2.8). Moreover, 9)jr is 
closed with respect to the composition; indeed, for a second subgroup P of P 
and any .F-morphism ip:R^P, with the notation in 2.13 above we have 



fQ,¥'°ffl,V= |_J fu^ ,ipoKu,oilj„ 3.1.1 



wew 

and the divisibility in J- implies that, for any w <E W , V^u- and k^^, are 
J^-morphisms and therefore Lp o o ip^ is also an J-'-morphism. In par- 
ticular, since T contains the Frobenius category Jp of P , iojr contains S)j^p 
— for short, we write ^p instead of Sjj^p ; note that Sjp coincides with the 
image of the functor . 



8 Lluis Puig 

3.2. More generally, the divisibility of T implies that 

3.2.1 Any functor f in QSpxp admitting a natural map to a functor in Sjjr 
is an Sjjr-object. 

Indeed, we actually may assume that f = where D is & subgroup of 
P X P; then, our hypothesis and 2.11 above imply that there are a functor 

fQ,ip , where Q is a subgroup of P and ip :Q ^ P is an J^-morphism, and a 
natural map : fzj — >■ fq^^p , which amounts to saying that there are u,v G P 
such that 

D C A^CQ)'"'") 3.2.2; 

since T is divisible and contains Tp , it easily follows that D = (R) for a 
subgroup R of and an J^-morphism tp:R^P. Actually, this condition 
is equivalent to the divisibility of T as our next result shows. 

Proposition 3.3. Let be a full symmetric subcategory of 5Bpxp con- 
taining $j p , where all the elements preserve the projective P-sets, closed with 
respect to disjoint unions and to composition, and fulfilling the following con- 
dition: 

3.3.1. Any functor f in ^pxP admitting a natural map to a functor in Sj is 
an Sj- object. 

Then, the family of sets 

7^5 (P, Q) = {ipe Hom(Q, P) I fg,,^ is an object of Sj} 3.3.2, 

where Q runs over the set of subgroups of P , determine a divisible P-cate- 
gory Tf, . 

Proof: Since ij contains i^p , it is clear that Fs^{P,Q) contains Tp(P,Q) ; 
moreover, following [1, 2.4.1], let Q and R be subgroups of P and consider a 
group homomorphism 9:R^Q such that 

(P, R) n [Tf, (P,Q)oe)^% 3.3.3; 

that is to say. wc; assume; that thcirc is a group homomorphism ip :Q ^ P such 
that fg^ip and fn^ipoS are ij-objects; hence, the composition (fg,,^) o fp.r^og is 
an io-object too; but, it is clear that 

{fQ,v) = f<f{Q),iPo^' 3.3.4 

where, as in 1.2 above, (p* denotes the inverse of the isomorphism Q = ifi{Q) 
determined by , and then it follows from equality 3.1.1 that we have a 

natural map 

ffl.igofl — > (fg.v) ° fiJ.yoe 3.3.5; 
consequently, fp^t^oe is also an ^-object. 
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Now, since for any e T^^ {P, Q) the functor fg,,^/ of^ ^p^^ is an ij-object 
and it follows again from equality 3.1.1 that we have a natural map 

ffl,v'o9 — > ^Q,ip' o fij.igoe 3.3.6, 
ffl,¥>'o0 is an ij-object too; in conclusion, we get 

F^{P,Q)oecT^{P,R) 3.3.7, 
so that the proposition follows from [1, 2.4.1]. 

3.4. Let us call divisible Sjp-category any full symmetric subcategory 
Sj of 5BpxP containing Sjp , where all the elements preserve the projective 
P-sets, closed with respect to disjoint unions and to composition, and ful- 
filling condition 3.3.1; then, the proposition above guarantees that deter- 
mines a divisible P-category Jyj and we already have seen that any divisible 
P-category T determines a divisible Sjp-category Sjj^. Moreover, it is quite 
clear that 

= Sj and J},^ = T 3.4.1, 

so that these correspondences determine a bijection between the sets of divi- 
sible P-categories and divisible Sjp- categories; we discribe below the image of 

the Frobenius P-categories. Recall that wo denote by T the quotient category 
of by the inner automorphisms of the objects [4, 1.3]. 

3.5. First of all, for any functor f in QSpxP which preserves the projective 
P-sets we define a positive integer i{f) by 

|f(P)|=£(f)|P| 3.5.1; 

for another such a functor q in QSpxP j we have 

£{fus) = e{f) + m and iifoQ) = e{f)e{Q) 3.5.2. 

Then, for any divisible Sjp-category Sj denote by 

isi-.Sj — )-N 3.5.3 

the restriction to ^ of this correspondence and by Kcr{£fj) the set of isomor- 
phism classes of functors j in Sj fulfilling €(f) = 1 ; it is quite clear that the 
composition in Sj induces a group structure in Ker(^j5) and we actually have 

Keiiif,) ^ :Fsj{P) 3.5.4. 

3.6. On the other hand, according to 2.6 above, for any indecomposable 
functor fn in QSpxp , a natural map from to fn is determined by the 
image {u,v) £ {P x P)/D of (1,1) and then it is easily checked that the 
element (u, w) G P x P normalizes the subgroup D of P x P ; conversely, any 
{u,v) G NpxpiD) determines a P x P-set automorphism oi{P x P)/D and 
therefore it determines a natural automorphism fzj = fc , so that we have 



giat(b) ^ Np^D) 



3.6.1 
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and OToi(fD) acts on (P x P)/D. We are specially interested in the case 

where fi) preserves the projective P-sets or, equivalently, where D = A,^((5) 
for a subgroup Q of P and a group homomorphism (p:Q P ; then, from 
bijection 2.12.2, we get the exact sequence (cf. 2.7) 

1 Z(fQ,^) mt{fQ,^) Tp{Q) n ^'Tp{^{Q)) 1 3.6.2. 

Proposition 3.7. Let be a divisible Sjp-category. Then Jyj is a Frobenius 
P-category if and only if Kei{£sj) is a p' -group and, for any indecomposable 
functor fg^if, in Sj such that we have 

|2(fQ,^')l < \2{fQ,^)\ 3.7.1 

for any indecomposable functor fg^^p' in Sj , there are an indecomposable func- 
tor fij^^ in Sj and a natural map fi from fg^^ to fn^^ such that the stabilizer 
of jJL & Otat(fQ,,y,,fi{,^) in Otat(fQ,<^) is a complement of the image of Z{fQ^^) . 

Proof: By the very definitions of .E(fQ,,^) and of J^sj , note that the condition 
on fQ^ip is equivalent to 

\Cp{ip'{Q))\<\Cp{ip{Q))\ 3.7.2 

for any ip' G J-^{P,Q) which implies that ip{Q) is fully centralized in 
[4, Proposition 2.7]. If is a Frobenius P-category then, denoting by R 
the converse image in P of Tp{Q) fl 7^p[(p{Q)) , we know that there exists 
ip £ J^f)iP, R) extending (p or, equivalently, such that A^(P) contains A^{Q) ; 
in this case, it is clear that A^{Q) is actually normal in A^(P) , so that we 
get 

Np^p{A^{Q)) = (Cp{Q) X (7p((p(Q)))-Av,(P) 3.7.3, 

and therefore the exact sequence 3.6.2 above is split; moreover, we have an 
evident natural map /i : fq fp .^ and the stabilizer of /x G ^Cit(fQ^,^, fij^^) 
in 0^at(fQ,,p) is a complement of the image of Z(fQ^<^) . 

Conversely, assume that the condition on fq^^p holds and that there 
are an indecomposable functor fr,?; in ^ and a natural map v from fg^^, 
to fT,r] such that the stabihzer of v G ^(Xi{fQ,(p,fT,n) in ^Cit(fQ,^) is a com- 
plement of the image of Z{fQ^^) ; then, with the notation above, we claim 
that there exists ip S J^sj (P, R) extending . Indeed, it is clear that v is de- 
termined by (u, v) e Tpxp{Aip{Q), Ajj{T)) and therefore the converse image 
in A^pxp (A;p(Q)) of the stabilizer of coincides with A^a^(t)(".'') 
and covers Tp{Q) fl Tp((p{Q)) , which forces 

where 'iIj{w) — vi]{uwu^^)v^^ for any w G R; hence, tp extends ip and belongs 
to J^sj {P, R) , proving the claim. 
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Now, if ^' : Q — >■ f is an ^ij-morphism such that <^'(Q) is fully centralized 
in Tsj [4, 2.6] and R' is a subgroup of Np{Q) such that 

QcR' and '^'j^R^iQ) C J^p{ip'{Q)) 3.7.5, 

wc claim that there exists ?/'' G -^sjiPiR') extending cp' . Indeed, setting 
Q' = (p'{Q) , it is clear that fQ',,^o,^'* is an indecomposable functor in Sj which 
still fulfills the condition above; hence, our hypothesis and the argument 
above proves that, denoting by T' the converse image of '^Tfii{Q) in P , 
there exists r]' € T^{P,T') extending (p o (p'* ; since Q' is fully centralized 
in J^sj , in particular we have 

v'{Cp{Q'))=Cp{p{Q)) 3.7.6; 

then, since '^''J^n'(T'){v{Q)) = ^R'{Q) and Cp{p{Q)) C iiT'), it is clear 
that we have 

i?' C i? and i}j{R') C r/'(T') 3.7.7 

and the .F^-morphism mapping v & R' on ■q'*[il;{v)) extends p)' , proving our 
claim. Thus, Tsj is a Probenius P-category by [4, Proposition 2.11]. 

3.8. We call Frobenius Sjp -category any divisible ijp-category Sj such 
that is a Frobenius P-category. In this case, we have the following result 
which — although we do not employ it — generalizes [4, Proposition 6.7]. 
Recall that, if is a divisible P-category, we call J^- self centralizing any 
subgroup Q of P such that Cp(ip{Q)) C <p{Q) for any p e T{P,Q) ; note 
that [4, 4.8] 

3.8.1 If Q is F -self centralizing then any subgroup R of P such that J-(R, Q) 
is not empty is J^- self centralizing too. 

Moreover, let us say that an indecomposable functor f in is maximal if 
any natural map from f to an indecomposable functor in ^ is a natural 
isomorphism. 

Proposition 3.9. Let Sj be a Frobenius Sjp-category and set T = . For 
any indecomposable functor fg^^ in $j such that Q is T- self centralizing there 
is a unique isomorphism, class of maximal indecomposable functors f^,^ in Sj 
such that 91at(fQ,^, f_R^^) is not empty, and then we have 

5M(fQ,^,ffl,^) = {/i} 3.9.1. 

In particular, for any natural map ji' : fg^^ — ?■ fn',^' there is a unique exterior 
natural map f) : fij',,/;' — >■ ffl.v fulfilling rjo fj,' = fj,. 

Proof: We argue by induction on |P: Q\ and may assume that Q ^ P ; de- 
note by N the converse image in P of the intersection Tp{Q) fl Fp{p{Q)^ ; 
then, it follows from [4, 2.12.1] that p can be extended to an J^-morphism 
u:N — >■ P, so that ^v{N) contains Ay((5) ; in particular. A'' is .F-self- 
centralizing and we have a natural map a from fg,,^ to ^n,u (cf. 2.6). It is 
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clear that fN,^ admits a natural map /3 to a maximal indecomposable functor 

fR.ip in ^3 , SO that R is also J^-selfcentralizing and wc actually may assume 
that A^{N) C A^(i?) ; denote by /z the composition of the natural maps 

fQ,(p fN,u fiJ,-!/- 3.9.3. 

If :fQ,,p ffl',V' is ^ natural map, there are u,v £ P such that 
(cf. 2.11.2) 

Q C i?'" and ip = Ky o ijj' o o Ku 3.9.4 

where Ku'-Q ^ ^ and k^-.P^P respectively denote the conjugation 

by u and by v , and therefore we get 

:Fw4Q) C J-p(Q) n '^*.Fp(<^(Q)) 3.9.5; 

moreover, setting A^' = Nfji {Q" ) and denoting hy ly' : N' — > P the re- 
striction of tp' and by : iV'" — >• A^' the conjugation by it , we still have 
if = Ky o u' o k'^o Lq" and fj,' factorizes throughout obvious natural maps 

fQ,(p fAT',!/' fiJ'.V' 3.9.6. 

In particular, both group homomorphisms i'ol^, and Ky ov' on'^ from N' 
to P extend ; consequently, it follows from [4, Proposition 4.6] that there 
exists z G Cp{Q) such that u o i'^, = Ky o u' o k'^^ and therefore we get a 
natural map 7 : fjv',i/' — >■ ^N,i^ determined by the P x P-set map 

P^,Xn'P — >PuXnP 3.9.7 

sending the class of (1, 1) to the class of (v^^,uz) ; then, since a and a' are 
respectively determined by the P x P-sct map 

P^XqP ^ P^XN P and P^ xq P ^ P^> x n' P 3.9.8 

sending the class of (1,1) to the classes of (1,1) and {v~^,u), we finally 
obtain 7 o a' = a . 

Now, since Q C A'''" , A''' is J^-selfcentralizing; thus, considering the 

natural maps /3 oj:f^i ,^i — > ffj y, and 3' '-^n'.u' — ^ fi?.',i/)' 7 it follows from 
the induction hypothesis that there exists a unique exterior natural map 

fi ■■ fw,^' — > fit,^ 3.9.9 

fulfilling 77 o /3' = /3 o 7 and therefore we finally obtain 

fiojj!=rio^'oa' = Po^oQ.'=^oa = ji 3.9.10. 

On the other hand, if 6':fp'^^' fp^,/, is another natural map such that 
9 o jj' = jj then, applying [4, Proposition 4.6] as above, we get 9 o p' = (3 oj 
and therefore we still get 9 = fj . We are done. 
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4. The Alperin theorem in a Frobenius ijp-category 

4.1. Let J-" be a divisible P-category and set = ; in [4, Lemma 5.4] 
we state an additive version of Alperin 's original formulation of his celebrated 
theorem [1], which in T is expressed via equalities [4, 5.4.2]; but, as a matter 
of fact, the corresponding equalities in T admit an equivalent formulation in 
the category 9) as our next result shows. 

Proposition 4.2. Let f he the composition of a family 5 = {fQi,ipi}ieA„ of 
indecomposable functors in Sj . For any indecomposable functor fg^^ in 
there is a natural map fg^^ i if and only if for any i G A„ there is an 
T-morphism tpi'.Q ^ Qi fulfilling 

if>i-\ o ipi-i = Iq. o -ipi for any 1 <i <n 4.2.1. 

<Pn°'4>n = <P 

Proof: By the composition of ^ we mean that we inductively define a new 
family {0i}i6A„ of functors setting go = fQo,vo and = fg,,^, o Qi_i for 
any 1 < i < n ; in order to compute f = Qn , the first step is the choice of 
a set of representatives Wj^, C R for the set of double classes R'\R/R" 
when R runs over the set of subgroups of P and {R' , R") over the set of pairs 
of subgroups of R . 

Then, we consider the set >V(5^) of finite double sequences of elements 

of P 

^ = {'^j+l,i}j,ieA„,j+i<n 4.2.2 

such that, setting w(0, i) = for any i e A„ and considering 

w{j + = {u)i+i.i+k}i,keA,,i+k<] 4.2.3 

for any j, i e A„ fulfilling j + i < n, and inductively defining Rw{o,i) = Qi 
for any i € A„ and 

RwU+l,^) = i^^)~\iRwU,^+l)^' + '^' H (p,{R^(j^,))) 4.2.4 

for any j,i G A„ fulfilling j + i < n, the element {wj-\.i^i)~^ belongs to the 
chosen set of representatives 

^flJo'+ijt^-CJi^o.i)) - Rw(j,i+i)\Rw{j-i,i+i)/'Pi{Rw(j,i)) 4.2.5 

for any j, i G A„ fulfilling j + i < n , where we still set = P . For 

any j, i G A„ fulfilling j+i < n,we denote by : P = P the conjugation 

by Wj+i^i . 
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For such a sequence, note that R^^^i^i) is contained in Rw{j,i) and that 
i^wj+i,i °'fii induces a group homomorphism ipj^i : Rw{j+i,i) ~^ Flw{j,i+i) i then, 
we have an evident commutative ^-diagram 

Rw(i,i) Rw(j,i+1) 4.2.6, 

Rw{j+i,i) 

where the left-hand oriented .F-morphisms are induced by the corresponding 
inclusions; moreover, we inductively define 

^w(3,i) '■ Rw{j,i) ^ Qj+i 4.2.7 

setting w^(o,i) = idg^ and = (jJw(j,i+i) ° > and from the commu- 

tativity of diagram 4.2.6 above it is not difficult to get the following commu- 
tative /"-diagram 

P 

Qj+i Qj+i+1 



4.2.8. 



\ 



R"w{j+'\.^i) 



Now, we claim that 



f — fln — I I fflra(n,0)> VnOW^fn.o) 4.2.9; 

indeed, arguing by induction on n , we may assume that n > 1 ; then, by the 
induction hypothesis, we already have 

Qn-l= IJ ffi^'c^-i.o.V^-iow^'c^-i.o) 4.2.10 

where we set ^' = {fQj,(^j}i£A„_i ; hence, we get 

Qn= y fQn.Vn °fii„'(„-l,o)>¥'n-lOW„/(„_i,o) 4.2.11. 

But, it is easily checked that we have a surjectivc map vr : W(5^) — s- W(S^') 
sending w G W{^) to the double sequence win — 1,0) and that, for any 
w' e W(S^') , the set of ordered products 

W={ n 4.2.12 
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is a set of representatives for the set of double classes 

Qn\P / {fn-l ° ^ 0)) 4.2.13. 

Consequently, from equality 3.1.1 we have 

fQn.Vn ° f-R„'(„_i,o).¥'n-lOW„/(„_i^O) = |_J f flt<,(„,0) , Vn OW»(n,0) 4.2.14, 

which proves our claim. 

In particular, if there is a natural map fg,^ f from an indecomposable 
functor fQ^^ in Sj , then there are w G WCS) and a natural map 

fQ,^ ^ fRw(n,0), VnOl^uiinfi) 4.2.15, 

which amounts to saying that there are u,v £ P such that (cf. 2.11) 

Q C (-R^(„,o))" and = k„ o o w^(„,o) ° 4.2.16 

where /t„ : Q — >■ -R„,(„,o) and Ky-.P^P respectively denote the corresponding 
conjugation by u and by v ; then, setting 

V-j = w^a,o) o t ll' o, ° 4.2.17 

for any j G A„ , we get the top and the bottom equalities in 4.2.1, whereas 
ii j then from the commutativity of diagram 4.2.8 we obtain 

^ ™o.o) "(".0) 4.2.18, 

which proves the middle equalities in 4.2.1. 

Conversely, assume that the equalities 4.2.1 hold; arguing by induction 
on n , we may assume that 0; then, setting (f' = lq^ o ip^ , the induction 
hypothesis guarantees the existence of a natural map /z' -fg,^' — >■ Qn-i and 
therefore we get the natural map 

iQn,Vn * • fQn.Vn ° fe.V' ^ fQn.Vn ° 3n-l = f 4.2.19; 

but, according to equality 3.1.1, for a suitable functor f in Sj we have 

fQr.,vr. ° fQ,v' = fQ,vr,o-4,r. ^ f' 4.2.20; 

moreover, since (fn ° i^n = 'P j have fQ,ip„o^„ = fg^ip and therefore we still 
have a natural map u : fg^^ fgn,v>rt ° fQ,v' > finally) we get the natural map 

M=(fo„,<^. *At')°^:fQ,v^f 4.2.21. 
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4.3. Translating here the terminology of [4, Ch. 5], we say that an in- 
decomposable functor fQ,ip in f) is Sj-reducible if either Q — P oi there is a 
natural map from fg^^ to the composition of a family ^ = {fQi,(pi}ieA„ of 
indecomposable functors in such that we have IQI < \Qi\ for any i G A„ . 
From equality 3.1.1 it is easily checked that the composition of i^-reducible 
indecomposable functors is a disjoint union of ^-reducible indecomposable 
functors. It follows easily from Proposition 4.2 that the indecomposable 
functor fg^^ is ^-reducible if and only if, with the notation and the termi- 
nology in [4, Ch. 5], the Alperin T -fusion (p — Lq in the Z-free module over 
T{P, Q) is T-reducible. 

4.4. Coherently, we call -irreducible any indecomposable functor in ij 
which is not i^-rcducible. As in [3, Ch. Ill], we say that two S) -irreducible 
functors fg,^ and fQ',,^' are exchangeable if there are two natural maps 

— and fg,^ — f o fg'.v' « fl' 4.3.1 

for suitable ij-reducible indecomposable functors f , , f and g' ; it is clear 
that this relation defines an equivalence in the set of i5-irreducible indecom- 
posable functors. Actually, the existence of any natural map in 4.3.1 forces 
the existence of the other one, as our next result shows. 

Proposition 4.5. Two ^-irreducible functors fg^ and fg',,^' are exchange- 
able if and only if there exists a group isomorphism 9 -.Q = Q' such that the 
functors f^(Q) and fg'^.Poe-^ '"'e Sj-reducible. 

Proof: If we have a natural map from fg',^' to fii,^ o fg^ o fa'^^' for suit- 
able ij-reducible indecomposable functors fn^^ and fn'^^i , the S^-irreducibility 
of ^Q',ip' forces \Q'\ = \Q\ ; moreover, it follows from equality 3.1.1 applied 
twice that there are w,w' G P such that, setting 

g" = V'-'((^-'(i?'"n^(g)))" n^'{R')^ 

(p" = ll; o o (f^ o Kw' o i^'w' 

where (pw and ij/^, arc suitable restrictions of (p and ijj' , and Ky^, and n^i 
are induced by the conjugation by w and by w' respectively, we still have 
a natural map from fg',(^' to fQ",,p" , which actually has to be a natural 
isomorphism since fq'.ip' is i^-irrcduciblc. 

Consequently, according to 2.11, there are v,v' G P fufilling Q' = (Q")" 
and ip' = Kv' o ip" o K^, ; in particular, wc get 

ip{Q)cR'" , Q""' (Ztp'{R') and Q" = ^p'-\Q'"' ) 4.5.2 
and we denote hy 6 : Q = Q' the group isomorphism fulfilling 

^j;'{e{uy'') ^u"^' 4.5.3 

for any u G Q . 
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Then, we have natural maps 

f:piQ),v>'o0o^' — > ffl.V and fg/^tPoS-i — > ffl'.V' 4.5.4; 
indeed, we already have fiQ) C i?™ and, moreover, we can write 

ip' oB 0(fi* = [Ky' O (fi" O Ky) 06 Oip* 

= Kyi O [ij) O Kyj O O Kyjl O V'(„/ ) O Ky O 6 O If* 4.5.5 
= Kyi O 1p O Ky, 

which proves the existence of the left-hand natural map; similarly, we still 
have Q' C i?'" and we can write 

= Kyjl O ij}'^, O Ky 4.5.6 

which proves the existence of the right-hand natural map. Hence, the functors 
U(Q).'p'oSo'P' ^^'^ fg'.tgoe-i arc io-rcduciblc too. 

Conversely, assume that there is a group isomorphism 9:Q = Q' such 
that the functors ^^{Q)^^'oeof* and fg/^t^'oe-i are ij-reducible; on the one 
hand, from equality 3.1.1 it is easily checked that there exists a natural map 

fQ',<p' — > fv(Q),v'oeo<p* o fg.v o fQ',igoe-i 4.5.7; 

on the other hand, it is quite clear that we have 

{%{Q),ip'oeo^*)° =^ipi(Qi),ipo9-^oip"' and (fQ',igoe-i)° = fQ,i2,oe 4.5.8, 

so that f,^'(Q'),,^oe-ioy3'» and ^Q^^p^oe are ij-reducible too, and once again we 
have a natural map 

fQ,¥J > ff'{Q'),<po9-^o,pi' O fQ'.vp' ° fg, 1^,00 4.5.9. 

We arc done. 

Proposition 4.6. Let £ be a set of representatives for the exchangeability 
classes of Sj -irreducible indecomposable functors. Then, any indecomposable 
functor fQ^^p in Sj admits a natural map to the composition of fp^a- for a 
suitable a £ J^{P) , with the composition of a family ^ = {fQi,ipi}ieAn of 
indecomposable functors in £ . 

Proof: According to Lemma 4.7 below, it suffices to prove that fg,^ in 
admits a natural map to the composition of a finite family ^ = {fg^.^ijieAn 
of indecomposable functors in 



£' = {fp,a}aeJ^{P) U £ 



4.6.1; 
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we argue by induction on |P : Q| and may assume that Q ^ P ; we also may 
assume that fg.i^ does not belong to 5 . If fq^^p is i^-reducible then it admits a 
natural map to the composition of a family {fRj,ipj}jeA,n indecomposable 
functors in Sj fulfilling \Q\ < \Rj\ for any j £ Am and it suffices to apply the 
induction hypothesis to any fiij.,,/,^. . If fg,,^ is ij-irreducible then we have a 
natural map 

fQ.y — >f°fQ',v'0!} 4.6.2 

where f and q are ij-reducible indecomposable functors and fQ',<^' belongs 
to £ ; then, it suffices to apply the precedent argument to both f and g . 

Lemma 4.7. For any a G Aut(P) and any indecomposable functor fg^^ we 
have 

where gq'.Q = a{Q) denotes the isomorphism induced by a . 
Proof: Straightforward. 

4.8. As stated in 4.3 above, an indecomposable functor fg^^ is S^-irredu- 
cible if and only if, with the notation and the terminology in [4, 5.7], the 
Alperin J- -fusion Lp — lq in the Z-free module over J-(P, Q) is -irreducible, 
so that Q is T-essential. Recall that [4, Theorem 5.11] 
4.8.1 If is a Frobenius P -category, Q is T -essential if and only if it is 
J^- self centralizing andT{Q) admits a proper subgroup Mjr such thatp divides 
\Mjr\ and does not divide \Mjr n Mp\ for any f G T{Q) - Mjr . 

In this case, Mjr contains a Sylow p-subgroup of J-{Q) and, according to 
[4, 5.12.1], these subgroups are exactly the proper subgroups of J^{Q) con- 
taining a conjugate of one of them Mjr{P,Q) which contains Tp{Q) . The 
following result completes our equivalent formulation. 

Theorem 4.9. Assume thatT is a Frobenius P-category. An indecomposable 
functor fg.^ is -irreducible if and only if Q is J- -essential and Mjr{P,Q) 
does not contain J'pi^tp{Qy) . In this case, for any f G J-{Q) — Mj^{P, Q) , 
the Sj -irreducible functors fg,,^ and fg^t^or ^'^^ exchangeable if and only if 

Mj.{P,QY contains '^'j'p{<fi{Q)) . 

Proof: First of all, we claim that if Q is not J^-selfcentralizing then fg^i^ is 
i3-reducible. Indeed, let 6 : (p{Q) — P be an J'-morphism such that 6{^(f{Q)^ 
is fully normalized in J- [4, Proposition 2.7]; then, it follows from [4, Propo- 
sition 2.11] that, up to modifying our choice of 9 , there is an J-'-morphism 
C, : Np{Q) P extending 6 o (p^, where we denote by (p* : Q = (p{Q) = Q' 
the isomorphism determined by ip ; similarly, there exists an 7^-morphism 
^ : Np{Q') — > P which extends 6 or' for a suitable J^-automorphism r' of Q' ; 
finally, since Q" = 6{Q') is also fully centralized in by [4, Proposition 2.11], 
we have an J^- automorphism a" of C" = Q" •Cp{Q") extending 0* o r' o . 
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At this point, since we clearly have the equalities 

,p - ,p o.^^^Q') 

C ° ^Np{Q) = l-C" ° l-Q" °0*Oip* 

P ri C" n i- Np(Q') 

i^i, oa o Lq„ o 0^ o ip^ = ^ o Lq, ' o ip^, 

P Np(Q') 
''Np{Q')°''Q' °'P* = V> 



4.9.1, 



it follows from Proposition 4.2 that we have a natural map 

fQ,V (fiVp(Q'),«)° O fc",tP„oa" ° fNp{Q),( 4.9.2, 

which proves that fg^^ is ij-reducible since Q" ^ C" . 

Thus, we may assume that Q is J^-sclfccntralizing. Now, we claim that 
if jq^ip is ^-reducible then Mjr{P, Q) contains "-^ Fp{^p{Q)) ; we may assume 
that Q ^ P and then it follows from Proposition 4.2 that there are a family 
'S = {fQi.vijieAn of indecomposable functors in and, for any i e A„ , a 
non-bijective ^-morphism "ilJiiQ ^ Qi fulfilling 

ifi-i o = Iq, o for any 1 <i <n 4.9.3; 

for any i e A„ , consider the subgroups of J^{Q) 

= (V'i)*jFQ^(^.(Q)) and T- = (**)*J-p(V'i(Q)) 4.9.4 

where tpi is a representative of tpi , and {tpi)* denotes the inverse of the iso- 
morphism Q = tpi{Q) determined by ipi . 

Note that Ri C Ti and, since Q is J^-selfcentralizing, it is clear that 

we have Ri {1} ; moreover, it follows from equalities 4.9.4 that we have 
^p{Q) = To and that Tj+i still contains Ri for any i € A„ , where we set 

f„+i ='^*JFp((^(Q)) 4.9.5. 

Now, arguing by induction on z , we claim that Mj^{P, Q) contains Ti ; it is 
clear that Mjr{P, Q) contains a Sylow p-subgroup of P{Q) containing Tq ; 
moreover, if Mj:{P, Q) contains Ti and Mjr{P, QY contains T^+i then Ri is 
contained in the intersection Mjr{P,Q) n Mjr{P,Qy , which implies that f 
belongs to Mj^{P, Q) , proving our claim. 
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Conversely, we claim that if fq^^ is ij-irreducible then Mj^{P, Q) does not 
contain f Pp{ip{Q)) ; indeed, if fg^^ is i^-irreducible then, with the notation 

and the terminology in [4, 5.7], the Alperin T -fusion ip — Lq in the Z-frce 
module over Q) is T -irreducible, so that the respective images (p and tg 
of ip and Lq in J-"(P, Q) do not coincide; then, it follows from [4, Theorem 5.11] 
that there is f e T{Q) — Mjr{P, Q) such that 

(p = LQ-f=LQOT 4.9.6 

where r is a representative of f , which amounts to saying that the Alperin 
T-fusion ipoT~^ — LQ is T-reducible or, equivalently, that the functor fq^^or-'^ 

is ^-reducible. Thus, by the argument above, Mj^{P, Q) contains 

'^^°^'"'^'Tp{p{Q)) ^^°^'^p{^{Q)) 4.9.7, 

so that Mjr{P,Qy contains Fp[p{Qy) which is a nontrivial p- group, and 
therefore Mjr{P,Q) can not contain ^p{ip{Q)) since f does not belong 
to Mjr{P, Q) ; this proves our claim. 

More generally, for any a G J^{Q) - Mj^{P, Q) such that Mj^{P, QY con- 
tains '*''^p{v{Q)) , on the one hand fg^tPocr is ij-irreducible since Mj:{P,Q) 

cannot contain Tp{Q) , and on the other hand, since ^* Tp[(p{Q)) is 

contained in Mjr{P, Q) , fg^i^oo— i is ij-reducible; but, it is clear that we have 
a natural map 

fg.y — ^ fQ,¥>o<T-i ° fg.igoCT ° fp.idp 4.9.8; 
hence, fg,,^ and fg^tgoa are exchangeable. 

Conversely assume that, for an element a in T{Q) — Mj^{P,Q), the 
ij-irreducible functors fQ^i,Poa ^^'^ fQ,^ exchangeable; then, it follows 
from Proposition 4.5 that there is an automorphism oi Q such that the 
functors fg,<^oeoCT-i and fg^tgoe-i are ij-reducibles; hence, 6 belongs to T{Q) 

and Mj^{P,Q) contains the groups 

^7-p(Q) and (^°^°'^"')*JF((^(Q)) = '^°^"'°^-jr(y,(Q)) 4.9.9, 

so that e belongs to Mj^{P,Q) and then Mjr{P,Q)^ contains '^'■I'{p{Q)) . 
We are done. 

5. Associate Burnside algebras 

5.1. Let us denote by Sp the free Z- module over the set of isomor- 
phism classes of indecomposable P-sets; it is clear that any object in P-6et 
determines a positive element of Bp and that the disjoint union of objects 
in P-&tt corresponds to the sum in Bp ; similarly, the inner product of ob- 
jects in P-6et induces an associative and distributive product in Bp , so that 
Bp becomes a Z-algebra — called the Burnside 'L-algebra of P . 
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5.2. Mutatis mutandis, we denote by BpxP the free Z- module over the 
set of isomorphism classes of indecomposable functors in *Bpxp called 
indecomposable elements of BpxP ■ Once again, the disjoint union and the 
composition of functors induce on BpxP an associative Z-algebra structure — 
called the double Burnside "Z-algebra of P . Actually, wc arc mostly interested 
in the Z-subalgebra Sp^p BpxP determined by the functors preserving the 
projective P-sets; that is to say, according to 2.10 and 2.11 above, Px P acts 
on the set of pairs (Q, cp) , where Q is a subgroup of P and ip:Q^Pa. group 
homomorphism, sending [Q, ip) to (Q", Ky o ip o Ky) for any ?i, ?; G P , where 
Ku-Q" ^ Q and Ky-.P^P respectively denote the conjugation by u and 
by V , and, denoting hy X a, set of representatives for the set of P x P-orbits 
under this action and by fq^^p the isomorphism class of the functor fg,^ , it 
is clear that the family {fQ,ip}{Q,ip)ex is the set of isomorphism classes of 
indecomposable functors in ^Bp^p • 

5.3. It is clear that BpxP acts on the Z-module Bp or, equivalently, that 

Bp becomes a Bpxp-modulc; moreover, the functor : P-Set — >■ 5BpxP 
in 2.9 above clearly induces a Z-algebra homomorphism 

m^:Bp — >BpxP 5.3.1 

mapping any x € Bp on the element rux of BpxP acting on Bp via the 
multiplication by x; further, the auto-equivalence t of *BpxP in 2.8 above 
induces an involutive anti-isomorphism t on the Z-algcbra BpxP , acting 
trivially on the image of . Similarly, the correspondence i in 2.10 above 
induces a Z-algebra homomorphism 

we call length of f the image of any / e Sp^^p . 

5.4. More generally, if P' is another finite p-group, we denote by Bpxp> 
the free Z-module over the set of isomorphism classes of indecomposable func- 
tors in 23pxP' — called indecomposable elements of BpxP' ; then, the com- 
position of functors clearly induces a Bpxp-module structure on BpxP' and, 
for a third finite p-group P" , a bilinear map 

BpxP' X Bp'xP" — ^ Bp 

xP" 5.4.1; 

moreover, for any group homomorphism a : P' — >■ P , it is clear that the func- 
tors vtSa and iriOa in 2.5 above determine elements res^ in BpxP' and ind^ 
in Bp'xP ■ Let us denote by Bp^p, the elements of BpxP' determined by 
the functors in Q3pxP' or, equivalently, the elements with non-negative coef- 
ficients in the canonical Z-basis. 
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5.5. We are interested in the following partially defined Q-valued scalar 
product in BpxP' , defined by the natural maps in 5BpxP' ; f,g G BpxP' 
come from two functors f and 5 in Q3pxP' 5 we set 

\f,g\ = \mt{U0)\ 5.5.1; 

note that, if g' G BpxP' still comes from a functor q' in SpxP' and f is 
indecomposable, form isomorphism 2.7.3 we get 

\f,g + g'\ = \f,g\ + \f,g'\ 5.5.2, 

which shows that, setting |/, —g\ = —\f,g\ , our definition can be extended to 
all the pairs (/, 5) such that / is an indecomposable element and g e BpxP' ■ 
Moreover, with the notation above, if /' £ BpxP' also comes from a functor 
f in QSpxP' , from isomorphism 2.2.2 we still get 

\f + f',g\ = \f,g\\f',g\ 5.5.3 

and therefore our definition can be extended to all the pairs (/, g) such that / 
comes from a functor f and g belongs to BpxP' ■ Finally, we define |/, 0| =0 
for any / e BpxP' , and 

\f-f',g\ = \f,g\/\f',g\ 5.5.4 

for any g e BpxP' ~ {0} and any /, /' e Bp^p, such that \,f',g\ ^ . 

5.6. Note that if <? 7^ then \0,g\ = 1 and clearly there is an inde- 
composable element / of BpxP' such that \f,g\ ^ 0. Moreover, for any 
f^f'^g G BpxP' equality 5.5.3 holds provided that all the terms are defined; 
indeed, this is clear if g = ; otherwise, there are h, h, h' ,h' G Bp^p, fulfilling 

f = h-h , f' = h'-h' , \h,g\y^O and \h',g\y^O 5.6.1; 

then, since \h + h',g\ = \h,g\\h',g\ ^ 0, according to 5.5.4, we have 

\f + f',g\ = \{h + h!) - {h + h'),g\ = \h^ h',g\/\h + h',g\ 

= \h,g\\h',g\/\h,g\\h',g\ = {\h, g\/\h, g\){\h' , g\/\h' , g\) 5.6.2. 

= \f,g\\f',g\ 

5.7. On the other hand, it follows from isomorphism 2.3.3 that, for any 
group homomorphism a:P'^P, any f G Bp"xP' and any h G Bp"xP , we 
get 

|inda-/,/i| = |/,resa-/i| 5.7.1 
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provided that both members are defined; indeed, if / is indecomposable and 
comes from fo for some subgroup D oi P' x P" then inda-/ eomes from 
f(axidp//)(_D) and thus it is indecomposable too, so that the corresponding 
equahty 5.7.1 holds for any h € Bp"xP (cf. equahty 5.5.2); moreover, if 
f = f - f" for suitable /', /" e B'^n^p, , we have 

|ind„-/",/i| = |/",resa-/i| 5.7.2 
and whenever both members are not zero, we get 
|ind„-/,/i| = |ind„-/',/i|/|ind„-/",/i| 

5 7 3 

= |/',resa-/i|/|/",resa-/i| = |/,resa-/i| 



5.8. Any divisible S^p- category introduced in 3.4 clearly determines 
a Z-subalgebra % of BpxP which is f-stable — here the word "symmetric" 
would be misleading — and contains the Z-subalgebra determined hy Sjp 
— noted Hp; it is clear that is a free Z-module over the set of inde- 
composable elements in "H . Let us say that an indecomposable element / is 
maximal in T-l if it comes from a maximal indecomposable functor in Sj or, 
equivalently, we have \f,g\ = for any indecomposable element g oiT-L differ- 
ent from / . We already know that any divisible Sjp- category comes from a 
divisible P-category T = (cf. Proposition 3.3) and we denote by l-ij: the 
corresponding Z-subalgebra — called Hecke 1,-algebra of ; actually, these 
Z-subalgebras can be directly described by rewriting Proposition 3.3 in our 
new context. 

Proposition 5.9. A Z-subalgebra H ofB^p^p comes from a divisible P-cate- 
gory if and only if it is t-stable, contains Hp , and fulfills the following con- 
dition 

5.9.1. Any indecomposable element f £ Bpxp such that \ f, H\ ^ {0} belongs 

ton. 

Proof: If is a divisible P-category then it is clear that T-Lj- contains Hp 
and is t-stable. Let / be an indecomposable element of BpxP such that 
\f,Hjr\ ^ {0} ; then, / comes from an indecomposable functor f in Sjjr and, 
by the very definition of the partial scalar product in Bpxp , there exists 
a natural map from f to some functor in Sjjr and therefore, according to 
statement 3.2.1, f is an object in Sjjr , so that / belongs to Hjr . 

Conversely, let us denote by the full subcategory of ^pxP over the 
objects having their isomorphism class in ; it is clear that ^ is symmetric, 
contains Sjp and is closed with respect to disjoint unions and composition; 
moreover, since we assume that H C B^pxP > the functors in Sj preserve 
the projective P-sets. Thus, according to Proposition 3.3, it suffices to prove 
that S) fulfills condition 3.3.1; let f be a functor in QSpxP admitting a natural 
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map to some functor in ; once again according to the very definition of the 

scalar product in BpxP , denoting by / the isomorphism class of f , we have 
I/, "Hi {0} ; in particular, for any proper decomposition f = f + /" such 
that /',/" e B+^p , we still have \f','H\ ^ {0} \ f",n\ ; thus, arguing by 
induction on £{f) , condition 5.9.1 implies that / belongs to H and therefore 
f is indeed a functor in , We are done. 

5.10. Similarly, most of the statements in section 4 can be easily trans- 
lated to the new context; namely, if is a Hecke Z-algebra, we say that 
an indecomposable element f E H is H-irreducible if £{f) ^ 1 and, for any 
family {/i}ieA„ of indecomposable elements of H such that 

\f,l[fi\^0 5.10.1, 

we have £{f) — £{fi) for some i G A„ ; then, two 'H-irreducible elements / 
and /' are said exchangeable if we have 

\f\gfh\^0 and \f,g'f'h'\^0 5.10.2 

for suitable indecomposable elements g,h,g',h' G T-L not T-L-irreducible; at 
this point , it follows from Proposition 4.6 that 

5.10.3 Let £ be a set of representaMves for the exchangeability classes ofH- 
irreducible elements. For any indecomposable element f &% there is a family 
{fi}ieA„ of elements in £ and an indecomposable element g G H of length 
one fulfilling 

iGA„ 

5.11. We see below that the fact that a Z-subalgebra TL oi BpxP is the 
Hecke algebra of some Frobenius P-category can be decided from the own 
structure of H . First of all, we state a new version of Proposition 3.9; as 
above, let us call positive any element of 'Hjr n Bp^p ; moreover, if ^ is a 
divisible P-category, let us denote by Mjr the Z-submodule generated by the 
elements of Tijr coming from the indecomposable functors fg^^ such that Q 
is not J^-selfcentralizing. 

Lemma 5.12. Afjr is a two-sided ideal ofHjr. 

Proof: Since Hjr and Mjr are t-stable, it suffices to prove that, for any inde- 
composable functors fg^^ and f^^^ in ^jr such that Q is not .F-selfcentralizing, 
the element of T-Ljr determined by the composition fg^^ o ,^ belongs to Afjr ; 
but, choosing a set of representatives W for Q\P/'ijj{R) , with the notation 
in 2.13 above we have (cf. 3.1.1) 

fO,(^ ° ffl,^/> = [_| f(7„,(/30K„Oj/>„ 5.12.1 

and therefore if Uw is .F-selfcentralizing then Q is .F-selfcentralizing too 
[4, 4.8]. 
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Proposition 5.13. If T is a Frobenius P -category, for any indecomposable 
element f in Tijr — J\fjr there is a unique maximal indecomposable element f 
in Hjr fulfilling \f,f\ ^ . Denote by 

ej.:Uj^^Uj^ 5.13.1 

the Z-module endomorphism sending JVjr to {0} and mapping any indecom- 

(if) . 

posable element f e 'Hj^—Mjr on J^'f ■ ■^^'^ ^'"'V positive elements g and h 
ofHjr, the difference ejr(^ejr{g)ej^{h)) — ej:{gh) is also positive. 

Proof: It follows from Proposition 3.9 that, if / comes from an indecom- 
posable functor fQ ,p in Sjjr such that Q is J'-selfcentralizing, there is a unique 

isomorphism class / of maximal indecomposable functors fg ^ admitting a 

natural map ji : fg ^^ ^ fg "-""i cquivalcntly, fulfilling |/, /| 7^ . 

Consider a second indecomposable element g in T-Ljr — Mjr , coming from 
an indecomposable functor f^^^ in ijjr , and the corresponding isomorphism 
class g of maximal indecomposable functors ^ admitting a natural map 
'■ fR,4! ~^ f ^ ^ ! then, the following commutative diagram 

fQ,^offl,V ^ fQ,^°fR,4, 5.13.3 

supplies a natural map from fg^^ o fj^^^ to fg ^ ° ^ ; actually, according 

to 2.11, wc may assume that Q C Q, that tp{R) C i^iR) , and that this 
natural map comes from the canonical map 

Q\P/ij{R) Q\P/i>{R) 5.13.4 

and from a family of natural maps 

Vw '■ fuu,,'poKu,o'ii>„ > fu^,^ok^o^^ 5.13.5 

where, borrowing notation from 2.13 above, we have chosen sets of represen- 
tatives W for Q\P/tp{R) , X for Q/Q and Y for ^{R)/tlj{R) , and w runs 
over W = X~^-W-Y determining w G W . 

Moreover, if Uw is J-"-selfcentralizing then it follows again from 2.11 that 
Uw is J^-selfcentralizing too; in this case, the isomorphism class of maximal 
indecomposable functors admitting a natural map from f^^ (^ok^oi^^ coincides 
with the isomorphism class of maximal indecomposable functors admitting a 
natural map from fu^ 
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Consequently, denoting by W"" C W and by W"^ C W the corresponding 
subsets fulfilling these conditions, by the very definition of ejr we get 

eAfa) = ^"^"^ e^(/ff) = X! ^^ITT'^™ 5.13.6; 

but note that, if the subset X~^-w-Y c W has an element in w" , then this 
subset is actually contained in W°° ; hence, we still get 

IP: C/„ 



e:F{eAf)eA9)) = \Q--Q\\R--R\ E IT^-^- 
moreover, for any w G W"" fl , it is clear that 

weX-'^-w-Y wex-'^-w-Y ' " ' 



■h,i 



5.13.7; 



5.13.8; 



since W'" contains W^°°nW^ , the difference ej:{ej^{g)ej^{h)) —ej^{gh) is indeed 
positive. We are done. 

6. The Hecke Z(p) -algebras of Frobenius P-categories 

6.1. Let be a t-stable Z-subalgebra of B^p^p containing 'Hp and ful- 
filling condition 5.9.1; for any f E H , shortly we set / = t{f) . Consider 
the divisible P-category T = determined by H, (cf. Proposition 5.9); 
we see below that whenever is a Frobenius P-category, the extended 
Z(p)-algebra 'H(p) has a quite particular structure and that, conversely, some 
of these particularities of 'H.(.p) imply that is a Frobenius P-category. For 
this purpose, let us consider the evaluation Z-module homomorphism 

VH-.n — >Bp 6.1.1 

mapping / e H on /(I) where 1 denotes the isomorphism class of the trivial 
P-set; then, denote by )€■}{ the kernel of this homomorphism, which is clearly 
a left-hand ideal. 

6.2. Moreover, consider the contravariant functors from T to the cate- 
gory Z-moO of Z- modules respectively mapping any subgroup Q of P on Bqxp 
and BpxQ , and any ^-morphism ipiR^Qon the corresponding "multi- 
plication" by resy, (cf. 5.4.1); then, identifying the inverse limits of these 
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functors with their image in BpxP , we denote by (Bpxp)'^ their intersection 
and set 

= nr\iBpxp)^ and in^)+ = n^ DB+^p 6.2.1. 

Analogously, we respectively denote by {Bp)^ C Bp and by Bp/J^ the inverse 
and the direct limits of the functors from T° and from F to Z-moJ) sending 
any subgroup Q of P to Bq and any J"-morphism (/? : i? — > Q to the actions of 
reS(^ and of ind^ ; moreover, we denote by v-u the composition of v-h with the 
canonical map Bp ^ BpjT and by sq G BpjT the image of the isomorphism 
class Sq of the P-set Pj Q for any subgroup Q oi P . 

6.3. More explicitly, f belongs to if and only if we have 

res^-/ = res^p-/ and res^-f =res^p-/ 6.3.1 

for any subgroup Q of P and any ip € ^(P, Q) ; in order to relate these 

equalities with the partial scalar product in BpxP , let us explicit the set of 
indecomposable elements of T-L ; for any n € N , let <S„ be a set of representa- 
tives for the set of ^-isomorphism classes of subgroups Q of P of index p" , in 
such a way that any element of iS„ is fully normalized in [4, 2.6]; moreover, 

for any ip, (p' G T{P, Q) , let us set 

= ind^-res^' and Ay_y/((5) = {((^(m), (^'(u))}„gQ 6.3.2; 

note that V'n{f^^^') = sq ; finally, for any Q G Sn , let Vq be a set of re- 
presentatives in the product T{P, Q) x J^{P, Q) for the set of P{Q)-ov\Ats in 
the product P{P, Q) x T{P, Q) through the diagonal action; we may assume 
that {lq, Lq) e Vq . Then, setting 

5 = IJ 5„ and V= \_\Vq 6.3.4, 

the family {fip,ip'}^^ vOe^ basis of indecomposable elements of "H . 

Lemma 6.4. An element f of T-L belongs to 'H'^ if and, only if we have 
\f^P,^p'^ f \ = I™sqj /I for any Q G S and any {tp, ip') G Vq . In particular, for 
any f G we have f = f . 

Proof: If / belongs to then it follows from isomorphism 2.8.2 and equal- 
ities 5.7.1 and 6.3.1 that 

\fi^,v>J\ = \msQ,f\ and \f^,,p,f\ = \msQ,f\ 6.4.1 

and therefore, denoting by (p>* : ip>{Q) = Q the inverse of the isomorphism 
determined by p , wc still get 

\f<P,<p',f\ = \ fiP,^.,^'0^'J\ = l™S,^(Q)./| 

6.4.2. 
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On the other hand, it follows from 5.6 that equalities 6.3.1 are equivalent 
to the equalities 

|fif,res^-/| = |c/,res,p-/| and I5, res^-/ 1 = |c/, res,p-/° | 6.4.3 

for any indecomposable element g of Bqxp; but, it is easily checked that 
all the members of these equalities vanish unless g = indg-res^g for some 
.F-morphism 6 : R ^ Q (cf. 2.6.3), and then we get (cf. isomorphism 2.8.2 
and equality 5.7.1) 



6.4.4: 



\g,Tes^-f\ = \f^o0,LP,.f\ and |g, res,p;-/| = |/,p„g ,p, /| 
\g,TCS^-f\ = \.f,p^^oeJ\ and |,g, rcs,p-/° | = |Ap,,Poe> /I 

consequently, equalities 6.3.1 follow from equalities 6.4.2. 

In particular, equalities 6.4.2 force (cf. isomorphism 2.8.2) 

IW,/| = |/v,',^":./l = l,W./°l 6.4.5 
and therefore, according to 5.6, we get / = /° ■ We are done. 

Proposition 6.5. With the notation above, {Bp)''^ is a unitary Z-subalgebra 
of Bp of "L-rank equal to rankz(Sp/J-') , 'H'^ is a Z-subalgebra ofT-L fulfilling 
H^-Bp C {Bp)-^ , and we have 

ICn-n^ = {0} = JCnnn^ and = {H^)+ - {'H^)+ 6.5.1. 

Moreover, any f G T-L^ commutes with any g G ICh + H''^ such that g° = g . 

Proof: It is clear that s e Bp belongs to {Bp)^ if and only if we have 

res<^(s) = res^p(s) 6.5.2 

for any subgroup Q of P and any G ^{P, Q) ; since res^ and rcs^p arc both 

unitary Z-algebra homomorphisms, {Bp)^ is indeed a unitary Z-subalgebra 
of Bp . Moreover, equality 6.3.1 and the associativity of the "multiplication" 
show that H'^ is a Z-subalgebra of H and that, for any s G Bp , we have 

resy (/(s)) = res.p (/(s)) 6.5.3 

which proves that H^-Bp C {Bp)-^ . 

On the other hand, it is clear that the family {/^p ^ ^ ™sq}(,/P 'f )ev 
a Z-basis of ICu and therefore the associativity of the "multiplication" and 
equalities 6.3.1 force IC-h-TL'^ = {0} . In particular, for any / G IC-h fl we 
get = and therefore, setting 

/= X] ^'p,'p'-u,v' 6.5.4 
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for suitable z^^^/ G Z and choosing sets of representatives W^'^, for the sets 
of double classes f' {Q)\P/ip{R) for any {ip,<fi') G Vq and any (V',V'') G ^^R 
where Q,R G S , we still have (cf. 3.1.1) 

f — ^ ^ ^ ^ Zip^i^' Zijj ' fipoip'^oK^ oijj^ 6.5.5 

(v.v'').(V','0')ei' togwvV 

where 93'* : <p'{Q) = Q and ijj* : ijj{R) = i? denote the inverse of the respective 
isomorphisms determined by ip' and ip , and we denote by 

if': : ip'iQ) n ^^b{R) Q and ^ : <^'(Q)"' n ^(i?) R 6.5.6 

the corresponding restrictions. 

Thus, if we assume that / 7^ and choose (fy, ry') S X>t fulfilling Zjj^^j/ ^ 
for a T G 5 such that IT"! is maximal then, setting 

/t = Z^,7t''fr},r)' 6.5.7, 

(j7,r;')e2'T 

it is clear that = forces (/t)^ = ; but, since / belongs to "H"^ , it follows 
from Lemma 6.4 that for any {rj^rj') G Dt we have 

Zrj,rj'\fri,ri' , frj,rj'\ = I /r,,r,' , ./t I = \.frj,'n' , .f\ = |"isTi./l = I™sti/t| 6.5.8, 

SO that either /t or — /t is positive and therefore we get (/t)^ 7^ , a con- 
tradiction; consequently, we finally get Kf^ Ci = {0} . 

Moreover, for any g G tC-u + H"^ such that g° = g , setting g = g' + g" 
with g' G JC-H and g" G , we still have g'° = g' ; then, the equality 
/C'H-'H"^ = {0} s-nd Lemma 6.4 above imply that 

{.fg'f =g'°f =9'f = and fg" = fg"^ = {g"ff=g"f 6.5.9, 

so that /,9 = gf . 

Now, we claim that, for any / G 7^"^, there are positive (cf. 5.11) ele- 
ments /' and /" of y.-^ such that we have f = f — f" ; that is to say, we 
claim that, setting 

/= z^,<p'-U,v>' 6.5.10, 

there are z'^^,,z'^^, G N, where (y>, <^') runs over D, such that we have 
^¥>,¥>' = ^'<p,<p' - ^'<^,<p' and that, setting 

/' = ^v,<p'-U,v' and /" = z'^,v'-U,v' 6.5.11, 

for any Q G <S and any (v?, <^') G Vq we still have (cf. Lemma 6.4) 

IW,/'l = |m.«,/'| and = |m,g,/"| 6.5.12. 
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We argue by induction on \P: Q\ and assume that, for m e N , we have 

found z^^ip/, 2:".^/ S N, where (</',</'') runs over Vq for any Q E S fulfilUng 
\P: Q\ <p"^ , such that we have z^^^' = z'^^^, — z'^^^, and that, setting 

Q {<p,<p')e-DQ 

6.5.13 

fm — 5^ 5^ ^<p,<p''f<p,<fi' 

where Q runs over the elements of <S fulfilling \P:Q\ < , we still have 

\U,'P''fL\ = \msQ,fL\ and \U,v'fm\ = \msQ,fL\ 6.5.14 

for any Q G 5 fulfilling |P: Ql < , and any {ip, <p') G Dg . 

Thus, since / belongs to Ti''^ , it follows from Lemma 6.4 that for any 
R € Sm and any G we have 

= \U,i''^fm ~ fm\ + ^V',V''l/'/','/'''/V',V''l 

moreover, we know that (cf. 3.6.1 and 5.5.1) 

\U,-,Ij',U,^'\ = \Npxp{^ii>,iij'{R))\ 6.5.16 
and therefore equalities 6.5.15 considered in Q are obviously equivalent to 

_ l/.g,.g../m| - \U.4''^.fm\ |iVpxp(A(j?))| 

but, up to a suitable modification of our choice of 5„i in 6.3 above, we may as- 
sume that the order of Npxp{A^^^'{R)) divides the order of Npxp{A{R)) ; 
then, the order of 7Vpxp(A^,^/(i?)) also divides |/,g_,j^,/m| - \U,-4^',fm\ ■ 

At this point, we clearly can choose z'p p,z"p G N in such a way that 
we have z.p ,p — z' p j, — z"p p and that the integers 

'-R'^K '■'p,^'p '^.tg ^ 



l/tg,.g Jml - \U,^',fm\ , |iVpxp(A(fi)) 



|7Vpxp(A^,^'(i?))| ' ^'S.^S]iVpxp(A^,^'(i?)) 

IAg,.g,./m| - „ \Npxp{A{R))\ 

+ Zp ,p - 



6.5.18 



|iVpxp(A^,^.(i?))| |7Vpxp(A^,v-'(^))| 
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are all positive; then equalities 6.5.16 imply that z^^^' = z[p^^, — z'^^^, . Hence, 
we have found 

6.6.19 

such that, setting f^^-^ = f'^+g'm and = /m + 5m . we still have 

l/y.y') /m+ll = I'^SQ' /m+ll and = l"^SQ> /m+ll 6.5.20 

for any Q € S fulfilling \P:Q\ < and any {ip,<fi') € I'q . This proves our 
claim above. 

Finally, it remains to prove that the Z-ranks of {Bp)'^ and of BpjT 
coincide. For any subgroup Q of P , it is quite clear that the bilinear map 

Q (8iz X Q ®z ^ Q 6.5.21 

sending (1 (g)^, 1 to |HomQ(t, for any G Bq determines a Q- linear 
isomorphism between '^®-iBq and its dual {Q®zBq)* ; but, for any J^-mor- 
phism ^ : i? — >■ Q , it is easily checked that we have a commutative diagram 



Q (»Z Br Q (g)z Bq 



6.5.22; 



hence, since the dual of an inverse limit of some functor to Q-moc) is the 
direct limit of the dual of this functor, we get a Q- linear isomorphism and 
we are done 

Q ®z Bp/J^ S (Q Oz (Sp)-^) * 6.5.23. 

We are done. 

Theorem 6.6. With the notation above, if J-" is a Frobenius P -category then 
{K,u + 'H-^)(p) is a unitary 'L(^p)-subalgebra of 'H(p) containing ((Bp)-^) 
and we have 

{ICn + n^)ip) = {JCn)(p) X n(p) 6.6.1. 

Moreover, Ti-^ centralizes ({Bp)^) . In particular, v-h determines a l^-al- 
gebra isomorphism 

- ^^P)U 6.6.2. 
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Remark 6.7. For any / G , since /(s) belongs to {Bp)-^ for any s e Bp , 
if s' G Bp then we have 

f{m s') = (/m/(,))(s') = = fis)f{s') 6.7.1 

which amounts to saying that / fulfills the Frobenius condition introduced 
in [6]. Moreover, the isomorphism (?^-^)(p) = (Sp)^^ shows that {'H^)(^p) 
contains a unique nonzero idempotent which coincides with the idempotent 

exhibit in [5]. 

Proof: First of all we claim that, for any s G Bp/ J- there is / £ "H^^ such 
that Vfiif) = s ; with the notation in 6.3 above, for suitable z/j G Z , we have 

s = ^ ^ zr-sr 6.6.3 

n6NfleS„ 

and we set s„ = T,m<n T,ReSm ^R'^R ■ 

Let {fn}neN be a family of elements of H^p) inductively defined as fol- 
lows. We set 

fo = — > f<7 idp 6.6.4, 

so that we have vu{fo) = so and 

Lfidf.idp, ./o| = |./CT,cr', /o| 6.6.5 

for any a, a' G ^{P) (cf. 6.3). If n > 1 and m < n , we may assume that fm 
belongs to T-L(^p) , that v-H{fm) = Xm and that we have 

lAg.ig./ml = |^,¥P',/m| 6.6.6 

for any Q G Sm and any ip, ip' G T>q . Then we claim that for any R £ Sn 
and any {ip, tp') G Vr , we can choose fc^,^' G fulfilling the following 
equalities 

lAg.ig ,fn-l\+ KP,cP\fcP,cP > Ag.ig I 

fci/>,i/>' = zr 

{,i>,i>')eVR 
Since we have (cf. 3.6.1 and 5.5.1) 

\ftl},tl}' , ftl},tl}'\ = \Npxp{^ii,ii'{R))\ 6.6.8, 
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equalities 6.6.7 considered in Q are obviously equivalent to 

\f,^,,^,.fn-l\-\.U.^',.fn-l\ \Np^p{A{R))\ 

kA4"=^Trr T-A 77;^^ + 



\Npy,p{A^,^,{R))\ \Np^p{A^,^,{R))\ 

^ \Np^p{A{R))\ 
"^Z'^Z 2^ \N^.,^(A....,(m]\ 6.6.9. 



= ZR- 



Npy,p{A^^^,{R))\ 

/t^,t^i/n-l| ~ \f4>,4>'T fn-l\ 



\Npy,p{A^,^,{R))\ 



But, it follows from Lemmas 6.8 and 6.9 below that \Npxp{A^^^i{R)^ | 
divides \Npxp{A{R)^ | for any pair {ip,tp') € Vji and that the sum 

^ \Npyp{A{R))\ 

(lR= > , , I 6.6.10 

is an integer prime to p . Moreover, since is a Frobenius P-category, it 
follows from [4, condition 2.8.2] and again from Lemma 6.8 below that there 
is a group homomorphism 

CxC':iVpxp(A^,^'(i?)) ^FxP 6.6.11 

which maps A^^^i{R) onto A{R) and therefore it fulfills 

(C X C')(iVpxp(A^,^'(P))) C Np^p{A{R)) 6.6.12; 

At this point, since we have k-fn-i € 'H for a suitable k € Z — pZ, 
we still have fc-/„_i = g — g' where g and g' are the isomorphism classes 
of functors fo and fo' in for some P x P-sets fl and fl' . Consider the 
Arpxp(A(ii))-sets O^(^) and f2'^(^) , which become iVpxp(A^,v.'(^))-sets 
via the group homomorphism ^ x , and the A''pxp(A^^.0'(ii))-sets fl'^i'.i'''^^^ 
and ■ then, for any nontrivial subgroup D of iV'pxp(A^^i/,/(P)) , 

denoting by D the converse image of D in Npxp{A^^^> (i?)) , the fixed points 
of 5 in 

^A(H) ^,A(R) fiA^.r(R) and fl'^^.r(R) 6.6.13 



respectively coincide with 

J2(CxC')(i5) , ^'((xOiD) ^ g_g^i4^ 
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and therefore it follows from equalities 6.6.6 and from the fact that g and g' 
belong to 'H that we have (cf. 2.6.3 and 5.5) 

= \f(ixC)(D),'k-fn-i\ 6.6.15 
= |/i3,fc-/„_i| = |0^|-|f2'^| 

where f(c^xC,')(D) and fn respectively denote the isomorphism classes of the 
functors f(^xC')(£') ^^^^ ■ 

This is clearly equivalent to saying that the multiplicities of any non- 
regular indecomposable iVpxp(A^^^/(i?))-set in 

coincide with each other; hence, one of these 7Vpxp(A^; (ii'))-sets is iso- 
morphic to the disjoint union of the other with a multiple of the regular 
^Pxp(A^^^/(ii))-set; in particular, the order of ^Pxp(A^^^'(i?)) divides 
the following difference (cf. 2.6.3 and 5.5) 

|OA(il)|^|j^/A^,^,(Ji)| _ |Q/A(il)| _ |QA^,^,(iJ)| 

= lAg.ig^fi'l + \U,^',9'\ - lAg.tg'S'l - I 6.6.17, 

= IAg,igi^-/n-l| - l/v-.^Z-sfc-Zn-ll 

proving our claim. 

Now, it suffices to choose 

fn = fn-i+ ^ ^ k^,ti>'-f^,^' 6.6.18; 

indeed, it is clear that /„ belongs to 'H(p) ; moreover, since V'n{f^j!,^j!') = sr , 
the last equality in 6.6.7 above shows that v-uifn) = s„ ; finally, it is easily 
checked that, for any R,R£Sn, any {ip, ip') S Vr and any tp') £ the 
inequality |/^,^' , ^/ 1 7^ forces {R, tp, tp') = {R, ip, ip') , and therefore from 
equalities 6.6.7 we obtain 



~ \fip,ip'jfn—l\~^ktp,tp'\fip,ip'-!fi}^,'il}'\ ~ Ifi/j^tp' J fn\ 

In conclusion, setting f = fn for n big enough, we obtain v-u (/) = s and 

IW,.f| = IAg,.5,/| 6.6.20 

for any Q G 5 and any {(p, (p') £ Vq which, according to Lemma 6.4, proves 
that / belongs to ('H'^)(p) . 
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On the other hand, since JC-h is a left-hand ideal in 'H , so that /C^ 
contains {IC-h + 'H-^)-lC-u , and since it follows from Proposition 6.5 that 

H^-H^cn^ and IC^-H^ = {0} 6.6.21, 

the sum IC-h + is a Z-subalgebra of T-L ; moreover, according again to 
Proposition 6.5, we have 

VH(n^)c{Bp)^ and rankz((Sp)-^) =rankz(Sp/J^) 6.6.22. 
But, the argument above proves that 

MK)) = (^P/^)(P) 6.6.23. 

Consequently, since ICh H = {0} , the canonical map Bp — > Bp/F and 
the evaluation map v-u induce Z(p) -module isomorphisms 

(Sp)^) - (Sp/^)(p) and Hf^)^{Bp%) 6.6.24 

and {{Bp)-^) is contained in [IC-u + H^)(p) ; in particular, {K.-H + 'H-^)(p) 
is a unitary Z(p)-subalgebra of 'H(p) and we have 

{ICn + n^)ip) = {ICn)(p) X nfp) 6.6.25 

where the symbol x: means that it is a direct product of Z(p) -modules with a 
product defined by the product in each term and the (left-hand) "H^^-module 
structure of (/C-h)(p) . 

Finally, for any s € {Bp)-^ , since mg belongs to {K-h + and we 

have (jTis)" = wis , it follows from proposition 6.5 that mg centralizes 'H'^ . In 
particular, for any /, g G "H"^ , since 5(1) belongs to [B^)-^ , we obtain 

(/5)(1) = = (/m,(i))(l) = K(i)/)(1) = ff(l)/(l) 6.6.26 

which, together with isomorphisms 6.6.24, proves the last Z(p)-algebra iso- 
morphism. We are done. 

Lemma 6.8. Assume that T is a Frobenius P-category and let Q be a 

subgroup of P fully normalized in T . Then A((5) is fully normalized in the 

Frobenius P x P-category J- x . 

Proof: Any x J^-morphism from A(<5) to P x P is determined by two 
J^-morphisms if, (p' G J^{P, Q) ; since we assume that Q is fully norm,alized 
in !F [4 2.6], considering the inverse of the isomorphism Lp:Q = Lp(Q) deter- 
mined by </J , it follows from condition [4, 2.12.2] that there are an J^-morphism 
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C : Np(^(p{Q)) — )■ P and an element x G ^iQ) such that ((■ip{u)) = x(w) 
for any u G Q ; moreover, according to [4, Proposition 2.13], Q is also fully 
centralized in and therefore, considering the group homomorphism 

7T.f'{Q)^P 6.8.1 

mapping <fi'{u) on x(w) for any u € Q , and the image 

R = 7r'(iVpxp(A^,y'(Q))) C Np{<fi'{Q)) 6.8.2 

where tt' : P x P — > P is the second projection, there is ^ € T{P, R) extend- 
ing r] and, in particular, fulfilling ^'(^'(u)) = x(w) for any u £ Q [4, state- 
ment 2.10.1]; thus, C X (' determines a group homomorphism 

A^Pxp(A^,^'(<3)) ^ P X P 6.8.3 
which maps A^^^'(Q) onto A((5) and therefore it fulfills 

(C X C')(a^pxp(A^,v.'(Q))) C 7Vpxp(A(Q)) 6.8.4. 

We are done. 

Lemma 6.9. Assume that J-" is a Frobenius P-category, let Q be a subgroup 
of P and set 

T{P, Q)ic — {(p & ^{P, Q) I '^{Q) is fully centralized in T} 

6.9.1. 

J^(P, Q)in ~ {(p € J^{P, Q) I <p(Q) is fully normalized in J^} 

Then, \J-{P,Q)ic\ and |J-'(P, (5)fn| are both prime top. In particular, if Q is 
fully normalized in T , the sum 

V l^^^^)' 692 

is an integer prime to p . 

Proof: We actually may assume that Q is fully normalized in T [4, 2.6] and 
therefore fully centralized too [4, Proposition 2.11]. First of all, we prove 
that p does not divide |J^(P, Q)fc| ; if Q is J^-selfcentralizing then we simply 
have T{P,Q){c = T{P,Q) and the claim follows from [4, 6.7.2]. Assuming 
that Q is not J"-selfcentralizing, it follows from [4, statement 2.10.1] that any 
G ~^(P, Q)ic can be extended to an J^-morphism Q-Cp{Q) — >■ P ; that is to 
say, the inclusion Q C Q-Cp{Q) induces a surjcctive map 

f{P, Q-Cp{Q)) f{P, Q)fc 6.9.3 

and note that, since Q-Cp{Q) is 7^-sclfccntralizing, it follows again from 
[4, 6.7.2] that p does not divide |.F(P, g-Cp(Q)) | . 
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Moreover, if V'5V'' £ ^{P,Q-Cp{Q)) have the same image in J^{P,Q){c 
then we have ipiQ) = i^'{Q) and, in particular, we still have 

^(Q-Cp(Q)) =^'(Q-Cp(Q)) 6.9.4 

so that ^' = V ° f for a suitable ct G J^(Q-Cp{Q)) which stabilizes and acts 
trivially on Q ; that is to say, a determines an element in (^Cj^{Q)) [Cp{Q)) 

[4, 2.14]. It easily follows that the p'-group {CM^)){Cp{Q)) [4, Proposi- 
tion 2.16] acts regularly on the "fibers" of the map 6.9.3 above and therefore 

we get 

\:F(P,Q-Cp(Q))\ 

^ "^^^"^ = \HP, Q)ic\ 6.9.5 

\{CAQ)){Cp{Q))\ 

which proves our claim. 

Secondly, it follows from [4, Proposition 2.11] that ip S T{P, Q)ic belongs 
to T{P, Q)in if and only if Tp ((p{Q)) is a Sylow p-subgroup of T(^(p{Q)) ; thus, 
for any (p e J^{P, Q){c - T{P, Q){n , setting R = ip{Q) , the p-group Fp{R) 
is not a Sylow p-subgroup of J^{R) and therefore p divides [./^^(ij) {^Fp{R)) | . 
But, since R is fully centralized in J^, it follows from [4, statement 2.10.1] 
that any a G Nj^f^ji-^[Tp[R)) can be lifted to some r e T(P, Np{R)) such 
that t{R) = R and therefore we have t(Np{R)) = Np{R) ; moreover, it is 
clear that if the image ct of a in iVjp(jj) (.?p(i?)) is not trivial then, denoting 
hy if' :Q ^ P the J^-morphism mapping u E Q on r((/^(7i)) wc have ^{p' ^ (p . 
Consequently, for any image R of an element of J^{P, Q)ic — J^{P, Q)in ) the 
group iVjF(/{) (j^p(_R)) acts freely on the set 

{if e ^(P, Q)fc - T{P, g)fn I (^(Q) = R} 6.9.6; 

hence, p divides \T{P,Q)fc — 7^{P,Q)fn\ and therefore p does not divide 
\:F{P,Q) fn\ ■ We are done. 

7. Basic elements in the double Burnside Z-algebra of P 

7.1. As a matter of fact, if H is the Hecke "L-algebra of a Frobenius 
P-category T , the elements / of M?^ with length (cf. 5.3) prime to p determine 
T and "H , and they can be described a priori in Bpxp either via the basic 
P X P-sets in [4, Ch. 21] or by the Frobenius condition introduced in [6]. In 
this section, we consider these elements in our new context. 

7.2. Let / be an element of B^p^p n t{B^pxp) ; according to Proposi- 
tion 5.9, it is quite clear that / belongs to a Hecke Z-algebra — namely to 
the intersection B^p^p Ci t(Spxp) — and that the intersection of two Hecke 
Ti-algebras is also a Hecke "L-algebra; thus, it makes sense to consider the 
unique minimal Hecke Z-algebra T-Lf containing /. 
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Lemma 7.3. With the notation above, Hf coincides with the minimal Hecke 
Z-algebra containing the set of indecomposable elements g ofB^p^pnt{B^p^p) 

such that \g, /| ^ . 

Proof: According to condition 5.9.1, all these elements g belong to Hf . 
Conversely, let be a Hecke Z-algebra which does not contain / ; thus, if we 
have / = J2gZg-g where g runs over the set of indecomposable elements g 

of B^py p nf(Sp^p) , there is such a g such that Zg and g ^ 7i; moreover, 
according to Proposition 5.9, we can choose this indecomposable element in 
such a way that if Zg' ^ then \g,g'\ = and therefore, in this case, we get 
(cf. 2.6.3) 

\9j\ = zg\9,9\^0 7.3.1. 

We are done. 

7.4. On the other hand, as in Proposition 3.3, denoting by T^{P, Q) the 
set of injective group homomorphisms ip:Q ^ P fulfilling 

o o 

resy-/ = res^p-/ and res^-f =res^p-/ 7.4.1, 

the family of sets T^{P,Q) where Q runs over the set of subgroups of P 
determine a divisible P-category ; indeed, if ^ : i? — >• Q is a group homo- 
morphism such that 

P (P, R) n {P (P, Q) o 0) ^ 7.4.2, 

there is <^ e T\P,Q) such that <{> o Q belongs to T^{P,R) and therefore 
we get 

res,Po0-/ = res,p-/ and res^p^e-/ = res,p-/° 7.4.3; 

ti %J tt 

hence, for any ^p' G [P, Q) we still get 

res<p'o6i7 = res^Pog-/ = res.p-/ and res^'oe-/° = res^p-/° 7.4.4. 

Lemma 7.5. For any element f of B^p^p nt{B^p^p) and any subgroup Q 
of P we have 

E \f.^^,^J\/\Cp{<p{Q))\^i{f) mod p 7.5.1. 
<pe:Fnf{Q,P) 

In particular, if £{f) is prime to P and T-Uf is contained in , we have the 
equality J^-Uf = • 

Proof: Since we have If^p^p^fl = |rcs^, rcs,p-/| (cf equality 5.7.1), let us 

consider the decomposition res^p-/ = '^gZg-g of rcs,p-/ in the Z-basis of 

indecomposable elements g of Bqxp', for any (p e Hom((5,P), it is easily 
checked that |res,^,fif| = unless g = res^ (cf. 2.6.3) and then we have 

I r eS(^ , r eS(^ I — \Cp{^{Q))\ 7.5.2; 
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hence, since p divides i{g) unless g = res,^ for some if e Hom((5, P) and then 
we have ^(res,^) = 1 , it is quite clear that 

E \f.-,^J\/\CpiviQ))\= E ^res, =^(/)modp 7.5.3. 

In particular, if £{f) is prime to P , for any subgroup Q of P there is 
if e T-Hi{P,Q) such that \f,p^^,f \ 7^ 0; hence, if J"-h^(P,Q) c J'HP,Q) then 

for any tjj e {P,Q) it follows from isomorphism 5.7.1 and equalities 6.3.1 
that we have 

l/.-,V.'/l = IAs,^'/I^O 7.5.4; 
now, it follows from statement 3.2.1 that /^p,^ is also an indecomposable 
element oi%f and therefore also belongs to T-Uf Q) ■ We are done. 

Proposition 7.6. Let T he a divisible P-category and set H = 'Hjr . If H-^ 

contains an element f such that £{f) is prime to p , then is a Frobenius 
P-category and we have = T and Hf = T-L . 

Proof: Since / belongs to H , "H contains H / and therefore J^^j, is contained 
in T ; similarly, it is clear that T is contained in ; since i{f) is prime to p , 
it follows from Lemma 7.5 that we have the equalities 

J-^^=J^ = J^f 7.6.1 

and therefore we still have Hf = H . 

Moreover, it follows from Proposition 6.5 that we have f = f — f" for 
suitable positive elements /' and /" of H''^ ; in particular, T-L contains T-Lf 
and H f , and J" is contained in T^' and J^^" . We actually may assume that 
£{f') is prime to p: then, since /' is positive, it is the isomorphism class of 
a functor f in ■ we already know that this functor comes from a suitable 
P X P-set fl' where {1} x P and P x {1} act freely and that p does not 
divide £{f') = \fl'\/\P\ ; moreover, since /' belongs to "H"^ , it follows from 
Lemma 6.4 that we have f'° = f and therefore we still have 0'° = fl' . 

That is to say, the P x P-set fl' fulfills all the conditions in [4, 21.2]; 

moreover, for any subgroup Q of P , in [4, 21.3] we denote by Hom^ (Q, P) 
the set of injective group homomorphisms ip:Q ^ P fulfilling (cf. 2.6.3) 

^at(f,P,^,f)7^0 7.6.3; 

then, since f is a functor in Sjj^ , it follows from statement 3.2.1 that fig,,^ 
is also a functor in Sjjr and, in particular, that (fi belongs to J^{P, Q) ; conse- 
quently, since C = T" , the inclusions in [4, 21.5.1] hold and therefore 
il' is a basic P x P-set, we have T = and it follows from [4, Proposi- 
tion 21.9] that is a Frobenius P-category. We are done. 
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7.7. Now, we say that / e BpxP is basic if / belongs to Bp^p , i{f) 
is prime to p and we have 'Hf = Hj^f or, equivalently, J^^ = T-Hj ; thus, 
according to Lemma 7.5, / G Sp^p is basic if (.{f) is prime to p and J^-'' 
contains J^^^ . Note that, if / is basic then it belongs to {T-Lf)^^! and therefore 
it fohows from Lemma 6.4 that we have / = / ; moreover, according to 
Proposition 7.6, in this case is a Frobenius P-category. Conversely, it 
follows from isomorphism 6.6.2 and Proposition 7.6 that it J-" is a Frobenius 
P-category then ("Hjf)"^ contains basic elements. 

7.8. In [6], Kari Ragnarsson and Radu Stancu find an equivalent defini- 
tion of a basic element via the Frobenius condition; we say that / G Bp^p 
fulfills the Frobenius condition if, for any s,s' G Bp , we have 

f{f{s)s')=f{s)f{s') 7.8.1 

or, equivalently, if / centralizes (f{Bp)) ; as we mention in Remark 6.7 
above, it follows from Theorem 6.6 that any basic clement fulfills the Frobe- 
nius condition. Following Kari Ragnarsson and Radu Stancu, in order to 
discuss this condition, for any pair of functors f and g in 5BpxP , we consider 
the functors (cf. 2.3) 

f X : «Bp X QSp — )• «Bp and g o (f x it)) : Sp x <Bp — > 5Bp 7.8.2; 

moreover, for any subgroup Q of P and any injective group homomorphisms 
if, if' G Hom(P, Q) , we consider the indecomposable functor 

fiP,v>,v' = ^"''q ° (^^^v X ^^^v') : X <8p — >^p 7.8.3; 

with this notation, in [6 Lemma 7.5] they prove the following result. 

Proposition 7.9. With the notation above, for any subgroup Q of P and 
any injective group homomorphisms (fi, ip' € Hom(P, Q) , we have natural 
bijections 

^at(f.g.^.^'J X fl) -9Tat(f,g,^,f) X aiat(f,P ^,,0) 

7 9 1 

9tat(f,g,^,^„0 o (f x to)) ^ mat{y,^,f) X oaat(f,P,^„0) 

Proof: Since the restriction preserves the trivial actions, it follows from 
bijection 2.3.3 and from 2.4 that we have 

^ot(fig,y,9.'' f X 0) - ^at(res^ x res,^', (res^ o f) x (resg o g)) 

= 91at(res<^, reSg o f) x 9Tat(res<p/ , resg o q) 7.9.2 . 
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Once again, it follows from bijection 2.3.3 that we have 
91at(fjg_^_^,, o (f X i£))) ^ ^at(reSy, x res^', res^ ogo{fx io)) 7.9.3. 

But, in order to prove the bottom bijection in 7.9.1, it suffices to consider 
the case where g = f^p^^ for a subgroup R of P and an injective group 
homomorphism ip:R P ; then, choosing a set of representatives W for 
R\P/ Q and, for any w E W , setting Uw = Q C] R'" and ipu: = ijj o Kw 
where k^, : Uw — >■ R denotes the group homomorphism determined by the 
conjugation by w , we get 

«Sq o f^P ,^ o (f X to) = (resg o inog) o ((res^, o f) x res^) 

= ( y inZ)^^ o re5«„) o ((res^ o f) x res^) 

ujew 7.9.4; 

= y inO^^ o ((res^„ o f) x res^„) 
wew 

moreover, it is easily checked that for any w gW such that ^ Q have 

9Tat(^res^ x res^',inO^^ o ((res^„ o f) x res^„)^ = 7.9.5. 

Consequently, setting = n Tp{R, Q) , once again from 2.4 we get 

= y 0^at(res^ x xt5^>, (res^^ o f) x res^^) 

= |_J OTat(res<^,res^„ o f) X 0^ot(reV)«-s^^) 
wew 

moreover, the set 91at(f^„^(p', iO) is empty unless ipw = ip' which at most 
happens once. On the other hand, we also have 

= y nat{xts^' , vxD^^ o re5^„ ) 

wGW 7.9.7. 

- U Oaat(rev,i^es^») = y 5aat(f^^,^', il)) 

■wew wew 

Now, the bottom bijection in 7.9.1 follows from bijections 7.9.6 and 7.9.7. 
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Corollary 7.10. With the notation above, any element f in Bp^pfM{Bp^p) 
fulfills the Frobenius condition only if for any subgroup Q of P and any 
infective group homomorphisms (fi,(p' € Hom(P, Q) , we have 

\f.-,^J\ = \U',^,f\ 7.10.1. 

Proof: With the notation in the proposition above, respectively denote by 
/ , g and fi^p^^^^/ the isomorphism classes of f , g and f^p^^^^/ ; it is clear that 

fi.'','fi,'fi' becomes an element of BpxPxp (cf. 5.4) and that f x g and f x 10 also 
determine elements in BpxPxP , respectively denoted hy f x g and / x 1 ; 
thus, the bijections in 7.9.1 imply the equalities (cf. 5.4) 

\fiP.^.^',.f X .91 = \.fiP,^,.f\ \.fcP.^',9\ 

since all the members of these equalities are bi- additive on / and g , it follows 
from our definition of the partial scalar product in 5.5 that these equalities 
remain true for any / and any g in BpxP ■ 

On the other hand, an clement / in B^'p^p Dt{B^p^p) fulfilling the Frobe- 
nius condition clearly fulfills the equality /•(/ x 1) = / x / ; then, equal- 
ity 7.10.1 follows from equalities 7.10.2. 

Theorem 7.11. Assume that f E B^p^p fulfills the Frobenius condition, that 
we have f ~ f and that £{f) is prime to p . Then f is basic. 

Proof: According to Lemma 7.5 and to 7.7, it suflSces to prove that J^^ 
contains T-Hf or equivalently that, for any subgroup Q oi P , any injective 
group homomorphism (p:Q ^ P fulfilling \fiP^^, /| 7^ belongs to {P, Q) ■ 

Thus, let us denote by Hom-^(Q,P) the set of injective group homomor- 
phisms ip:Q^P such that |/^p ^, f\ ^ , and by Aut-^ (Q) the stabilizer of 

Hom-'((5,P) in Aut{Q) ; that is to say, a £ Aut((5) belongs to Aut^ (Q) if 
and only if we have |/tP_<po(7; /I 7^ for any ip e Hom-^((5,P) and note that 
fi^,(poa — fi-Q,<p equivalent to ct € '^*Tp{ip{Q)) . In particular, since we are 
assuming that f = f and then from equality 7.10.1 we get 

\L-.^J\ = \U',^,f\ = \U,^'J\ = \.h-.^'J\ 7.11.1 

for any (p,ip' € Hom-^ {Q , P) , it follows from Lemma 7.5 above that, if 
Lq belongs to Hom-^ {Q,P) and \Np{Q)\ is maximal in the set of integers 
|-^p(C(<3)) I when C runs over Hom^ (Q, P) , we have 

\Antf {Q):J^P{Q)\ \f,pof\/\Cp{Q)\ ^ modp 7.11.2. 
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First of all we claim that, for any subgroup Q of P such that tg belongs 
to Hom^ {Q, P) , and any a e Aut^(Q) , we have 

res.Poa-/ = res.p-/ 7.11.3; 

since we are assuming that f°=f, this equality is equivalent to the equalities 
(cf. bijection 2.6.3 and 5.6) 

l^«,*,/l = l/.g,*,/l 7.11.4 

where R runs over the set of subgroiips of Q , ur : R ^ P denotes the group 
homomorphism determined by a , and runs over the set of injective group 
homomorphism from R to P ; hence, according to the corresponding equal- 
ity 7.10.1, it suffices to prove that /| and, since Lgoa belongs to 

Horn-' (Q, P) , we may assume that R ^ Q . 

As above, choose tp G Hom-^ (i?,P) such that \Np(^ip{R))\ is maxi- 
mal; it follows from 7.11.2 above that J^p[tp{R)) is a Sylow p-subgroup of 
Aut-'^(^(ii)) and that we have 

\f^-,,y^-,,,^f\/\Cp{m))\^O^odp 7.11.5; 

then, it follows again from equality 7.10.1 that, up to modifying our choice 
of ijj with a suitable r G Aut-^ (V'(-R)) : we may assume that 

*7"p(i?) C Tp{il){R)) 7.11.6; 

in particular, denoting by ip* the inverse of the isomorphism R = V(-R) 
determined by V' , Fp{^l){R)) contains the group 

^q{R) = -~%{a{R)) ^ Nq{R)/Cq{R) 7.11.7. 

The indecomposable elements of Bq^p are clearly of the form (cf. 5.4) 

ge^ri = ind^-res^ 7.11.8 

where 9 is an injective group homomorphism to Q from a siibgroup T of Q 
and T] € Hom(T, P) ; let us call length of g$^ri the index \Q:T\ . Then, in the 
decomposition oi g = res^p-/ in this Z-basis denote by g' the sum of all the 

terms with length strictly smaller than |Q: i?| , and set g" = g — g' . 

Now, in order to prove equalities 7.11.4, we argue by induction on \Q: R\ ; 
that is to say, for any subgroup T of Q such that \Q:T\ < \Q: R\ and any 
injective group homomorphism r]:T ^ P , we may assume that 



7.11.9; 



7.11.12. 



7.11.13; 
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in this case, denoting by iT ^ Q the restriction of ar , it is easily checked 
that we still have (cf. bijection 2.6.3) 

l5.«,,,5'l = kQ,,,5'l 7.11.10 

for any injective group homomorphism : T — > P . 

Then, according to 5.6, we get resCT-^' = g' which imphes that 

= res,p„^-/ = 5' + res<,-5f" 7.11.11; 

in particular, it is clear that for suitable x,y € Z we have 

|/<T„,^,/| = \9,Q,^,9'\+x\g„Q,f„g„Q,f,\ 
Ihn-.i'Jl = \9,Q,4„g'\ + y\g,Q,^,g,Qj 

But, we aheady know that (cf. 3.6.1 and 5.5.1) 

= I^Qxp(A,Q,^(i?))| 

\9,%,r9,%J = I^Qxp(A^Q,^(-R))| 
moreover, note that we have group isomorphims 
NQ^p{A^^^ JR))/CQ{aiR)) x Cp(^(E)) 

NqM\u^R))/Cq{R) X Cpim) 

^TQ{R)n^'j^p{i,{R)) 

Hence, since Nq{R) ^ R and '^'Tp['tjj{R)) contains the image of the quotient 
Nq{R)/Cq{R) (cf. 7.11.7), p divides the integers 

KU'9.'^^J/\Cp{m))\ and |5.g,^,.9,«^l/|Cp(V'(i?))| 7.11.15. 

Consequently, it follows from congruence 7.11.5 and from the bottom 
equality in 7.11.12 that 

\9,Q^,^,9'\/\Cp{m)\^0modp 7.11.16; 
then, it follows from the top equality in 7.11.12 that 

\U^,^,f\/\Cp{i;iR))\^Omodp 7.11.17 

and, in particular, that \f(TR,iijjf\ = I/v-iO-k)/! is not zero; finally, equal- 
ity 7.10.1 yields 

= l/v.,<^H,/ll/.«^,/l 7.11.18 
which proves our claim since tp belongs to Hom^ (i?, P) . 



7.11.14. 
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On the other hand, since £{f) is prime to p , it follows from Lemma 7.5 
that there is u G Aut(P) such that 

\fid^,a,f\/\Z{P)\^Omodp 7.11.19 

and therefore, according to equality 7.10.1, for any r € Aut(P) we still have 

|/idp,T,/| = \U,T,f\ and, since = /idp,idp , we get 

|/idp,idp,/|/|^(P)| = |/idp,.,./|/|^(P)| ^Omodp 7.11.20; 
thus, idp belongs to Hom'^(P, P) and then equality 7.10.1 implies that 

Aut^ (P) = Hom^ (P, P) 7.11.21. 

Hence, it follows from our claim that J-^ (P) contains Hom-^ (P, P) . 

From now on, in order to prove that any ip € Hom-^ {Q,P) belongs 
to T^{P, Q) , we argue by induction on \P:Q\ and may assume that Q ^ P . 
First of all, wc assume that \Np[ip{Q)^ | is maximal and then it follows from 

congruence 7.11.2 that Fpi^'p{Q)) is a Sylow p-subgroup of Aut-^(i^((5)) and 

that we have 

I/.- ,/|/|Cp(^(Q))| #Omodp 7.11.22. 

Note that it suffices to prove that roip belongs to (P, Q) for some element 
T in Aut-'^ (<^(Q)) ; indeed, in this case belongs to Hom-^((p((3), P) and 

it suffices to apply our claim above to ^p{Q) to get that 

'^^^'''',n,°r'f = ^®^^-^,„. 'f 7.11.23, 

so that <p belongs to J^^{P, Q) too. Thus, we may assume that 

"^TpiQ) C Tp{ip{Q)) 7.11.24. 

We know that f = f — f" where /' and /" are the isomorphism classes 
of functors fo' and fo" for some finite P x P-sets O' and fl" , and that we 
have (cf. 3.6.1 and 5.5.1) 

/A p (Q) //A p (Q) 

|/,P,^,/| = |n 7.11.25; 

moreover, since f° = f and / belongs to Bp^p , we may assume that fl'° = il' 
and n"° = n" , and that {1} x P acts freely on these P x P-sets. Then, on 
the one hand, the group N = Npxp{^^p^^{Q)) acts on the quotient sets 

/A p (Q) , , , //A p (Q) , 

n 'Q-"' yCp{ip{Q)) and ft /Cp{ip{Q)) 7.11.26; 

on the other hand, since =/„„, it follows from equalities 7.11.1 

and congruence 7.11.22 that we have 

|/,P,^,/|/|Cp(vp(Q))| #Omodp 7.11.27. 
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Consequently, we still have 

/A p (Q) , . / f/A 



modp 7.11.28 



and, in particular, the difference between both members is not zero; moreover, 
if Cp[ip{Q))-oj is a fixed point of N in the quotient set 

/ /A p (Q) . . /A p / 

(n 'Q'^ IJfi 'Q'^ j/Cp((p(Q)) 7.11.29 

lA^P (Q) /A^p (Q) 

where wGfJ 'Q'*" [Jil 'Q'"^ , then the stabilizer of w in has the 
form A^p^^{T) for some subgroup T of Np{Q) containing Q and a suitable 
injective group homomorphism rj-.T ^ P . extending ip , and we necessarily 
have 

iV-Cp(^(Q)) xA,P,,(T) 7.11.30. 

In conclusion, for some subgroup T of Np{Q) containing Q and a suitable 
injective group homomorphism rj'.T ^ P . extending ^p , we still get 



/Cp{'n{T)) \ ^ P'^'t^^"-^' /Cp{r]{T)) \ modp 7.11.31; 
in particular, we have 

l/.f,.,/l = l^'"?-^"V|0''"v^-^"^^^ 7.11.32, 

so that T] belongs to Hom''^(T, P) . On the other hand, it is easily checked that 
inclusion 7.11.24 implies that p divides \N/Cp{^p{Q)) | , which forces Q ] 
hence, by the induction hypothesis, r] belongs to J^^{P,T) ; thus, since is 
divisible and r] extends (p , if belongs to J^^ {P, Q) . 

Finally, for any i/' € HoviJ {Q, P) , from equality 7.10.1 we obtain 



o^IAp„,/I = I/v.,^„/I = I/.- 



7.11.33 



and therefore ipotl;* also belongs to Hom.-^ (ip{Q), P) ; but, the cardinal 



\Np{^{Q))\ = \Np(^{^or))HQ))) 



7.11.34 



is still maximal; consequently, the argument above proves that ipoip* actually 
belongs to {^{Q),P) ; once again, the divisibility of implies that V 
belongs to F'^P, Q) . We are done. 
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8. The case of a finite group 

8.1. Let G be a finite group admitting P as a Sylow p-subgroup and 
consider the Frohenius P-category J' = J^g ■ On the one hand, we have intro- 
duced above the Hecke Z-algebra 'Hjr oij^. On the other hand, the Z-algebra 

Ug = EndzG(lnd^«(p)(Z)) 8.1.1 

is usually called the Hecke Z-algebra of G . In this section, our purpose is to 
relate 'Hjr with the extended Hecke Z-algebra of G , namely with the Z-algebra 

Tic = EndzG(lnd^(Z)) 8.1.2. 

Actually, the ZG- module Indp(Z) is isomorphic to the permutation ZG- mo- 
dule with Z-basis G/P and therefore the corresponding images of 1 (8> 1 in 
Indp(Z) determines a canonical Z- module isomorphism 

Hg = {Z{G/P)Y ^ Z{P\G/P) 8.1.3; 

more precisely, in the group Q-algebra QG setting ho = ]py X^xgd 

D G P\G/P, it is easily checked that ®oeP\G/p^'^<i is a Z-subalgebra 

of QG canonically isomorphic to TLg ■ 

8.2. In order to describe this relationship, let us consider the transporter 
category T = Tg oi G [17, 17.2], namely the category where the objects are 
all the subgroups of P and, for any pair of subgroups Q and i? of P , we set 

r(g, P) = {x e G I i? C 0^} 8.2.1, 

the composition of T-morphisms being induced by the product in G ; note 
that we have a canonical functor 

c:T — yT 8.2.2. 

Recall that the exterior quotient T of T is the quotient category defined 
by the inner automorphisms of the objects [4, 1.3], and that the additive 
cover ac(T) of T is the category where the objects are the finite sequences 
0ig/ Qi of T-objects Qi and the morphisms are the pairs formed by a map 
between the sets of indices and by a sequence of T-morphisms between the 
corresponding T-objects [4, A2.7.3]. 
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Lemma 8.3. The additive cover ac(T) of the exterior quotient T of T 
admits pull-backs. 

Proof: Let Q , R and T be three subgroups of P and consider two T-mor- 
phisms 

x^:R — yQ and f :T — yQ 8.3.1 

where x'^ and are the respective classes of ta; e T{Q, R) and y G T{Q, T) ; 
choose a set of representatives W C Q for ^R\Q/yT and set U = 0^gvK 
where = ^Rd'^'^^T for any w gW . Then, since x~^ and {wy)~^ determine 
T-morphisms 

R ^-^^ ^ 

a;-i — > R and : — >T 8.3.2 

for any w gW , we get two obvious ac(T)-morphisms 

a:U — >R and b : U — yT 8.3.3 
and we claim that the ac(T)-diagram 

Q 



-O 
X ^ 


-Q 




R 


T 


8.3.4 




A 





u 

is a pull-back. 

Indeed, since W C Q , this diagram is clearly commutative; moreover, 
let V be an oc(T)-object and 

c:V — > R and d : V — >T 8.3.5 

two ac(T)-morphisms fulfilling x ^ o c = y'^^ o d; in order to prove that there 
is a unique oc(T)-morphism h:V ^ U fulfilling coh = a and doh = b, it is 
quite clear that we may assume that F is a subgroup of P and that we have 
c = f"* and d = r for suitable r e T{R, V) and tGT{T,V). 

In this case, we have xr ~ yt and therefore there is w € Q such that 
xr = wyt ; actually, up to modifying the choices of x in and of y in y'^ , 
we may assume that w belongs to W and then we have 

xry ^ wyty ^ jy^ g 3 5^ 

SO that we can define h:V ^ U as the ac(T)-morphism formed by the map 
to W from the set with an element corresponding to V which maps this 
element on w , and by the T-morphism 

xf'''" =wyt^ :V — >U.^ 8.3.7. 
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Finally, any ac(7^-morphism h' -.V ^ U fulfilling co h' = a and do h' = b 
determines some w' gW and a T-morphism 

:V — yUyj' 8.3.8 

fulfilling r = x~^z and t = {w'y)^^z ; once again, we may assume that 
xr = z = w'yt which forces w' = w and h' = h. This proves our claim. 

Now. if Q = ©,gjQ,:, R = ®jejRj and T = ©^^^T^ are three 
Oc(T)-objects and we consider two ac(T)-morphisms 

R — >Q and T — >Q 8.3.9 
given by two maps f : J ^ I and g : L ^ I , and by T-morphisms 

Q Q 

Xj-.Rj — >Qf(j) and : — > Qg{e.) 8.3.10, 
it is easily checked that, considering the pull-backs 

QfU) 



Rj Te 8.3.11 



for any € J Xj L , the "sum" U = ®(j i)izjxjL ^U/) together with the 
ac (T)-morphisms 

a:U^R and b:U^T 8.3.12 
given by the projections JxjL — > J and JxjL — > L and by the T-morphisms 
: — Rj and 6(j_£) : C/(j,£) — > 8.3.13 

define a pull-hack of the ac(T)-morphisms 8.3.9. Wo arc done. 

8.4. Let S^j- be the category whore the objects ia_a' arc the triples formed 
by an ac(T)-object Q and a pair of ac(T)-morphisms a and a' from Q to P — 
to be more explicit, we also say that ta^a' is an object over Q — and where, 
for a pair of oc(T)-objects Q and R , and a pair of pairs of ac(T)-morphisms 

P P P P 

\ , and ,\ A, 8.4.1, 

a ^ ^ a' b ^ ^ b' ' 

Q R 

a morphism from iaM' to tb^t' is an ac(T)-morphism h-.R^Q fulfilling 
a o h = b and a' o h = b' , the composition being induced by the composition 
in ac(T) . Then, denoting by V : P©P — ?■ F the ac(T)-morphism determined 
by the identity idp , we define 

aV6 = Vo(ae6):(3©i? — )■ P ® P — >P 

8.4.2 

ta,a' ® ^b,b' = Wb ,a'V6' 
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and this direct sum is clearly associative; coherently, we say that ta,a' is 
indecomposable whenever Q is a subgroup of P and, in this case, that it is 
maximal if any i57--morphism from ta,a> to an indecomposable i37--objeet is 
an isomorphism. Moreover, from any pair of ac(T)-morphisms 

h : ia,a' — > ia,a' and £ : tb,b' — > ib,b' 8.4.3, 

we clearly obtain a new ac(T)-morphism 

h®e: ta,a' ® ib,b' — > ia,a' ® ib,b' 8.4.4. 

8.5. On the other hand, choosing a pull-back 

P 

Q R 8.5.1, 

we define the tensor product as the following ijT— object over Q Xp R 

ta,a' <8>t6,6' =t„o6,6'ca' 8.5.2; 

as above, from any pair of oc(7~)-morphisms 

h ■■ ia,a' — > ia,a' and i : ib,b' — > ib,b' 8.5.3, 
we clearly obtain a new ac(T)-morphism 

h(»e: ta,a' <8) tb,b' — > ia,a' <8) ^,1' 8.5.4. 

8.6. Moreover, for a third i^r- object tc,c' , we have a natural isomorphism 

(ta,a' <8> tb,b') <8> tc,c' = ia,a' <8> {tb,b' <8> tc,c') 8.6.1 

and it is easily checked that the corresponding pentagonal Sj-f-diagram is 
commutative; similarly, the tensor product is distributive with respect to the 
direct sum in the sense that we have natural isomorphisms 

(to,o' ® tb,b') ® tc,c' = (ta,a' ® tc,c') O {ibfi' ® tc,c') 

8.6.2. 

tc,c' O (ta,a' ® tb,b') = (tc,c' ® ta,a') O (tc,c' ® tfe.b') 

Note that the functor c : T — >■ ^ above induces new functors 

c : r — > J" and ac(c) : ac(r) — > ac{T) 8.6.3, 
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and finally a surjective functor 

S),:S)t^^:f 8.6.4 

which is compatible with the direct sum and maps the tensor product on the 
composition of functors; moreover, this functor preserves indecomposable and 
maximal indecomposable objects. 

Proposition 8.7. With the notation above, for any indecomposable Sj-y-ob- 
ject ta,a' over Q there exists a unique isomorphism class of maximal in- 
decomposable Sjf -objects ta,a' , over a suitable subgroup Q of P , such that 
•^3r(ta,a'jta,a') is not empty, and then we have 

SjT{ia,a',ia,a') = {f''} 8.7.1. 



In particular, for any Sjj-object ibfi' over R admitting an Sj-f-morphism 

: ta,a' — ^ ib,b' , there exists a unique f € i3r(t6,6', ta.a') fulfilling ts = r^ . 

Proof: We argue by induction on |P:(3| and may assume that Q ^ P ; 
respectively denote by x, x' £ T{P, Q) representatives of the T-morphisms 
a, a' and set 

N = Np^^p^,{Q) 8.7.2; 
then, it is clear that x and x' belong to T(P, N) and that, setting c — x and 

p 

d = x' , the inclusion Q C N determines an i^T-morphism h : ta,a' — >■ ic,c' 
moreover, ic,c' admits an ij-;— morphism h:ic,c' te.a to a maximal inde- 
composable ^7— object ta,c over iV ; if c and c' belong to T{P, N) , denote 

N 

by f the corresponding composition of natural maps 

ta,a' ^ tc,c' ^ tc,c' 8.7.3. 

Now, if : la, a' — )■ tbfi' is an i57--morphism where b = and b' = y'^ 
belong to T{P, R) , there are u,u' £ P such that 

X = uys and x' = u'y's 8.7.4; 

set M = Nii{Q^~^) and respectively denote by d : M P and d' : M ->■ P the 
composition of c and c' with the T-morphism h' determined by the inclusion 
M c P ; it is clear that s coincides with the composition 

ia,a' U,d' h,b' 8.7.5 

where h' is also determined by s . In particular, since P C P" fl P" , we have 

= Nr. (Q) c iVp„.,nP«'. (Q) = N 8.7.6 
and thus s~^ induces an ^7--morphism £ : t^^d' ^c,c' fulfilling £ o h' = h . 
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At this point, it follows from the induction hypothesis that there is a 
unique t G i5r(t6,6', tc,c') fulfilling t oh' = hoi and therefore we get 

t oS =t oh'oh' = hotoh'^hoh = f 8.7.7; 

this already proves that tc,c' is the unique isomorphism class of maximal 
indecomposable ijr- objects such that i5r(to,a', te.e') is not empty. On the 

other hand, if r : tb,{,' ^ ta, a' is another i^T—morphism fulfilling r os = r , 
we have 

t' oh' oh' = t' oS =f =hoh = hoeoh' 8.7.8 

jV ^ ^ -~N 

which clearly implies t' oh' = hoi and then the uniqueness of t forces the 
equality t' — t . We arc done. 

8.8. Let us denote by T-Lj- the free Z-modulc over the set of isomorphism 
classes tay of indecomposable io7--objccts ta,a' — called indecomposable ele- 
ments of Hj- ; we say that the indecomposable element ta.a' is ma,xim,a,l when- 
ever the corresponding indecomposable .^7--object ta.a' is so. It is clear that 
any .^^-object determines a positive element of Hj- and that the direct sum 
of ?^7--objects corresponds to the sum in TLj- ; similarly, the tensor product 
of i^7--objccts induces an associative and distributive product in Tij- , so that 

H-r becomes a Z-algcbra. It is clear that the functor Sjc'-^i > above 

induces a surjective Z-algebra homomorphism 

U,:Ht ^Uj^ 8.8.1. 



Proposition 8.9. For any indecomposable element t in T-Lj- there is a unique 
maximal indecomposable element t fulfilling \'Hc{t),'Hc{t)\ ^ 0. Denote by 
B't-.'Ht — >■ "Hr the Z-module endomorphism mapping any indecomposable 

element t^Ur on IfHAt) ^ A/> then 

e^indt)) ^n,{erit)) 8.9.1 
and, for any pair of elements r and s of Hj- , we have 

er{rs) = er(eT(?')er(s)) 8.9.2. 
In particular, Ker(e7-) is a two-sided ideal of Hj- . 

Proof: It follows from Proposition 8.7 that, if t is the isomorphism class of 
an .^7— object t , there is a unique isomorphism class t of maximal indecom- 
posable ?^r-objects t admitting an i37--morphism h:i ^ t or, equivalently, 
fulfilling \'Hc{t),'Hc{t)\ 7^ 0. Moreover, since 'Hc{i) is a maximal indecom- 
posable element in Hj^ , if Hdt) does not belong to Mjr then equality 8.9.1 
follows from the very definition of ejr (cf. Proposition 5.12). 
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Consider a second indecomposable element s in Hr , coming from an 
indecomposable -J57--object s , and the corresponding isomorphism class s of 
maximal indecomposable i^r-objects s admitting an ^^-morphism i:s s; 
then, we also have an i^T— morphism (cf. 8.5) 

h®i:tCSiS — >t®s 8.9.3. 

More explicitly, assume that t , t , s and s respectively come from subgroups 
Q , Q , R and R of P and from x and x' in T{P, Q) , x and x' in T(P, Q) , y 
and y' in T(P, R) , and ^ and y' in T(P, i2) ; actually, we may assume that 

Q C Q , that R C R, that x = x , x' = x' , y = y and y' = y' , and that /i 
and are both determined by the trivial clement. 

Then, we still may assume that the ac(7~)-morphism 



8.9.4 



higii: QxpR — > QxpR 
II II . 

comes from the canonical map 

^'q\p/ m — ^ "^'q\p/ yR 8.9.5 

and from the family of 7~-morphisms 



'Qn'^yR — > ''Qf^^yR 



8.9.6 



where, borrowing notation from Lemma 8.3 above, we have chosen sets of 
representatives W for ^Q\P/yR, X for Q/Q and Y for R/R, and set 

w={'''x")-^-w-yy" 8.9.7 

for w running over W , x" over X and y" over Y , so that W = X)~^-W- yY 

is a set of representatives for ^ Q\P/ yR ■ 

Consequently, for any w G W , any x" G X and any y" G Y , setting 
w = {'''x")~^-w-yy" and 



= t.. J" . p and = t, p , p 8.9.8, 



we have the ^7— morphism {h®(.)w '-tw ^^w', finally, the i^r- morphism 8.9.3 
becomes 

h®t= 0(/i(8>^)^:s(8)t = — )-s®i= 8.9.9. 

w&W w^W w&W 
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Moreover, it follows from Proposition 8.7 that, for any w € W , if iw is 

a maximal indecomposable i57--obicct admitting an i07--morphism from Xw , 
it is also a maximal indecomposable ^7--object admitting an ^7--morphism 
from . 

Thus, denoting by the isomorphism class of , by the very definition 
of e-f we get 



hence, we still get 



P.UJ 



8.9.11; 



er(er(s)er(t)) = \Q:Q\\R:R\ E jk^^ 
moreover, for any -w S , it is clear that 

V \p-u\- V \pr'Q-w-yR\ 

- =\Q:Q\\R:R\\P:U^ 



8.9.12; 



\Q\\R\ 

finally, we obtain eq-{^eq-{s)e--f{t)) = eq-{si?) . Wo arc done. 

8.10. On the other hand, wc have a Z-module homomorphism (cf. 8.1) 

dG-.nr^nGC QG 8.10.1 

mapping the isomorphism class ta,a' of an indecomposable i^T-object ta^a' , 
where a = and a' = x''^ , on 

ipi 

dG{ta,a') = ^p^^,-i ^p^ -hpxx'~^^P = hpxx'-^P 8.10.2; 

moreover, for an indecomposable ior-object i^^b' admitting an ^7--morphism 
h : ib,b' — > ta,a' J it is easily checked that, denoting by tbfi' the isomorphism 
class of t6,6' , we have dciUfi') = dG{ta,a') ■ 

Proposition 8.11. The Z-module homomorphism da induces a Z-algebra 
isomorphism 

7^T/Ker(er) = Hg 8.11.1 
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Proof: Since (er)^ = er and for any indecomposable element t of Ht we 
have dc{t) = dcle-r^t)) , it is clear that da induces a Z-module homomor- 
phism 

nr/Kciier) Hg 8.11.2; 

moreover, since any x £ G determines a 7~-morphism x : 1 — > P , considering 
the indecomposable element t-p jp of Hj- , we have 

IPI 

dG{t~p ip)= ^p^ -hpxhp = hpxP 8.11.3 

and therefore the Z-module homomorphism 8.11.2 is surjective. 

On the other hand, for any subgroup Q of P and any x, x' G T(P, Q) , 
it is clear that both T-morphisms 

x'' -.Q — >P and x''' : Q — >P 8.11.4 
can be factorized throughout 

■Q^P'''' nP 8.11.5; 

it easily follows that the Z-module homomorphism 8.11.2 is injectivc too. 

It remains to prove that do is also a Z-algebra homomorphism; let Q and 
R be subgroups of P , and x' elements of T{P, Q) and y and y' elements 
of T{P, R) ; as above, choose a set of representatives C P for ^ Q\P/ i 
then, for any w G W , we have the commutative T-diagram 

P 

.,p .p 
X K^y 

Q R 8.11.6 

x' ^ (wy) ^ 

and therefore we clearly have (cf. 8.5) 

V,x'- ®V,y'' = - — f 8.11.7. 

Trir ,y'y~^w-^ 

Thus, respectively denoting by t-p -,p , t-p -,p and t p p the iso- 

' w )i/ ^y'y~^w~'^ 

morphism classes of the i^T-objects t-p -,p , t-p -,p and t p - p , in 

X ,x y ,y I 1 . 1 1 

xx' ^ ^y'y ^ 

the Z-algebra 'Hj- we get 

t-p -,p t-p -,p = > t ^p , p 8.11.8. 

X ,x' y ,y' / J ^ ,^~r^_i 

and therefore we have 

^G(t~p ~,p t-p .,p) = ^ /lpxx'-ii«s/s/'-iP 8.11.9. 
wew 
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On the other hand, we also have 

dait-p -,p) dcit-p -,p) = hpxx>-ip hpyy>-ip 

1 „ 8.11.10; 

' ' z"ePxx'-'^Pyy'-^P 

moreover, we still have P = \_\wew^ Q''^' ^^'^^ u G Q and v G R, 

we get 

X x'~^ uw^ v) yy'~^ = ^u{xx'~^wyy'~^y v 8.11.11 
where and ^ v still belong to P , so that 

hp''u = hp and hp^'v = hp 8.11.12. 
In conclusion, we obtain 

da {t-p -,p ) da {t.P ) = • ^ ^ 



\P\ ^ ^ ^ 

wQW z" ePxx'-''^wyy'-'^ P 
~ ^ ^ ^P xx'-^wyy'-^P 

wew 



8.11.13. 



We are done. 



Knowledgment. This paper would not have emerged without our know- 
ledge of the work Saturated fusion systems as idempotents in the double Burn- 
side ring by Kari Ragnarsson and Radu Stancu [6] . Our effort to understand 
the meaning of the Frobenius condition they discovered has led us to the 
Hecke algebra above. 
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